A

/

e

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

\

a

a ¥

/,

[\

S

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

TRANSé(FZTIONS SOCIETY

PHILOSOPHICAL THE ROYAL

On a Type of Spherical Harmonics of Unrestricted Degree, Order,
and Argument

E. W. Hobson

Phil. Trans. R. Soc. Lond. A 1896 187, 443-531
doi: 10.1098/rsta.1896.0013

Email alerting service Receive free email alerts when new articles cite this article - sign up in the box at the top right-hand
corner of the article or click here

To subscribe to Phil. Trans. R. Soc. Lond. A go to: http://rsta.royalsocietypublishing.org/subscriptions

This journal is © 1896 The Royal Society


http://rsta.royalsocietypublishing.org/cgi/alerts/ctalert?alertType=citedby&addAlert=cited_by&saveAlert=no&cited_by_criteria_resid=roypta;187/0/443&return_type=article&return_url=http://rsta.royalsocietypublishing.org/content/187/443.full.pdf
http://rsta.royalsocietypublishing.org/subscriptions
http://rsta.royalsocietypublishing.org/

o
A

a4
I\

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

%

S

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

[ 443 ]

XIII. On a Type of Spherical Harmonics of Unrestricted Degree, Order,
and Argqument.

By E. W. Hossow, Sc.D., F.R.S.

Received December 23, 1895,—Read January 16, 1896.

INTRODUCTION.

THE ordinary system of Spherical Harmonics or LaAPLACE’S functions is obtained
from LAPLACE’S equation

¥V BV v
2 — o I
V=t ot

=0,

by choosing special values of V which satisfy this differential equation, and are of the
forms

, 08 ”

™ mep . u,” (), or

08
=1 L w,”

sin P (),
where n and m are real positive integers, z, y, z being expressed in terms of », u, ¢
by means of the relations

e=r(l—pHicosd, y=r(1—p’sing, z=r1u;

the function w,” (1) is a particular integral of a certain ordinary linear differential
equation of the second order, and is known as LEGENDRE’S associated function of
degree n and order m ; these solutions, in which y is restricted to be real and to lie
between the values 4 1, and in which m is restricted to be less than or equal to =,
are the solutions of LAPLACE'S equation which are required in the very important
class of potential problems in which the boundary of the space considered consists of
either one or two complete spheres, or of surfaces which differ only slightly from
spheres.

It appears, however, that the functions ;Ons me . u,” (w) are required for the solution

of certain potential problems in which the boundaries are of forms other than
complete spheres, and in some of these cases the values of n, m, and u are not
subject to the restrictions which hold in the case of the primary potential problems
in which the boundaries are complete spheres. In the case in which the boundary
is a spheroid or two confocal spheroids, the functions u,” () of both kinds are
3L2 25.9,96
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444 DR. E. W. HOBSON ON A TYPE OF SPHERICAL HARMONICS

required, in which, although n and m ave still real integers, p may have values
which are real and greater than unity. The functions for which n is fractional or
complex are required for the solution of potential problems in which the boundary
consists of coaxal circular cones and of spheres with the centre at the vertex of the
cones. For potential problems connected with the anchor-ring functions are required
for which » is half an odd integer, and p is greater than unity. For the space
bounded by two spherical bowls with a common rim, solutions in which n is complex
of the form — % + py, and p is greater than unity, have been applied. Solutions
in which m is not an integer are sometimes of use, for example, in the potential
problem for the portion of an anchor-ring cut off by two planes through the axis of
the ring, which are inclined to one another at an angle not a sub-multiple of two
right angles.

The expressions

CO 1 Ccos

S
i ¢in mep . w,” (@), #7"

“ g 0, (1),
in which u,” (u) represents any particular integral of the differential equation which
it satisties, and in which the degree n, the order m, and the argument p may have
any real or complex values, are a special type of Spherical Harmonics in the extended
sense of the term, which applies to ail solutions of LAPLACE'S equation ; the investi-
gation of their forms reduces to that of two particular integrals, here denoted by
P (p), Qi (w), of the differential equation which u,” (u) satisfies. The forms and
properties of the functions required for various potential problems have been investi-
gated by various writers, the investigations resting usually on a more or less inde-
pendent basis ; thus, for example, we possess separate theories of Toroidal functions,
Conal functions, &c. It is obviously desirable that all these special functions should
be treated as parts of a general theory; thus an investigation of the forms and
properties of the two functions P,* (u), Q. (1) for unrestricted values of n, m, p is
required for the consolidation of the various special results which have been obtained
in connection with special potential problems. To do this by means of the modern
methods applicable to linear differential equations is the object of the present memoir.

In the standard treatise of IImiNg, the forms and properties of the functions P, (u),
Q," (n) are investigated for complex values of u, the degree n and the order m being
primarily real and integral ; various extensions are made to cases in which n is not
so restricted, but in default of a general definition of the functions for unrestricted
values of n and m, these extensions are fragmentary, incomplete, and in some cases
erroneous. Many of the series which satisfy the differential equation for unrestricted
values of the degree and order have been given by Tromsox and Tarr,* and a general
treatment of the series has been given by OrsricHT,t who obtains seventy-two hyper-

* See ¢ Natural Philosophy,” vol. 1, Part 1., Appendix B.
+ See OusricuT, ¢ Studien tiber die Kugel- und Cylinder-functionen,” Halle, 1887.
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OF UNRESTRICTED DEGREE, ORDER, AND ARGUMENT. 445

geometric functions which satisfy the differential equation, at least half of which are
convergent at any given point of the w-plane.

In order that the relations between the various particular integrals in the form of
series may be exhibited, it appears to be most convenient to start from integral
expressions which satisfy the differential equation ; this is the course adopted in the
present memoir. A definition of the two functions P,”(n), Q.”(r) by means of
integrals taken along complex paths, which shall be valid for unrestricted values of
the degree and order, has been rendered possible by the introduction independently
by JorpAN* and PocrEAMMER' of the use of integrals with double circuits ; the use
of such integrals has the great advantage over the employment of integrals taken
between limits, that the constants have to satisfy no convergency conditions, and
thus that the functions may be defined by means of expressions which have a definite
meaning for all values of the constants.

In the special case m = 0, the zonal functions P,(u), Q.(n) can be completely
defined by means of integrals with single circuits ; this has been done by ScHLAFLL]
who bases his theory of the series which represent these functions upon such
definitions.

In the first part of the present memoir the two functions P, (), Q" (u) ave
defined by means of integrals in such a manner that the functions are uniform over
the whole p-plane, which, however, has a cross-cut extending along the real axis
from the point w =1 to p= — »; these definitions are so chosen that in the
ordinary case of real integral values of n and m, the functions coincide with the well-
known functions used in ordinary Spherical Harmonic Analysis; from these defini-
tions various series are obtained which represent the functions in various domains of
the p-plane. Special conventions are made as to the meaning to be attached to the
functions at points in the cross-cut. Various other integral expressions are obtained
which would serve as alternative definitions of the functions. It is shown that all
the known definite integral expressions for the functions in restricted cases due to
Larrace, Diricarer, Hene, and MEHLER are special cases of the more general
formulee. In the latter part of the memoir various definite integral formule are
deduced for cases in which the degree and order are subject to special restrictions.
In conclusion, the forms of the functions required for the potential problems connected
with the ring, the cone, and the bowl are deduced from the general formule ; in
particular, convergent series are obtained for the tesseral toroidal functions.

As much confusion is caused by the variely of notation used by different writers,
it is convenient to state here for purposes of comparison the relations between the
symbols used in the most important works on the subject; for this purpose the

* See ¢ Cours d’Analyse,” vol. 3.
t See various papers in volumes 35 and 36 of the ‘ Mathematische Annalen.’
1 See a tract “ Ueber die beiden Heine’schen Kugelfunctionen.” Bern, 1881.
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446 DR. E. W. HOBSON ON A TYPE OF SPHERICAL HARMONICS

ordinary case of integral values of n and m is the only one which has to be
considered.

Heive uses the symbols P, (u), B,% (n), Q.® (n), 2. (n), which are connected
with the symbols P,” (1), Q,” (n) used in this memoir by the relations

—im " 1.2.3...0—m o
P, () = P_y () = (w7 = 1) B0 (n) = 55 P P ()
NV —tm o s 1320 41
Q" (p) = Q" (1) = (p* = 17" Q0 (p) = (= 1) 5 5, Q)

Tromson and Tarr use the symbols ©," (u), 9,%(n), which are connected with
Hrine’s P, (n) by the relations

2e=m  pl (n — m)!

(= P () = 0,0 () = 1 (0 T g 0 ),

FerrERs uses T,” (u) for what is denoted here by (— 1)»P,*(n), except in the
case of a real u lying between 4 1, in which case T,” (u) and P,” (1) are identical.

The Gaussian function II (2), which is equivalent to I' (x + 1), is used throughout
the memoir.

Definition of the functions P, (n), Q" (n) by means of definite integrals.

1. If, in the differential equation

AV av m?
— Ry = e — ——
(1 f")dﬂ,z ZMCZ,u,—}- {%(%—l—-l) 1 —

}V:‘—O- e (D),

which is satisfied by LEGENDRES associated functions, we substitute V = (u* — 1)"'W,
then W satisfies the differential equation

d*W aw .
(1—,!1,2);];;2‘-—2(?72-{— 1)”@ +n—=m)n+m4+1)W=0. . (2)

If, in the expression on the left-hand side of (2), we substitute

W — j‘(iQ — ])u(t — M)-—n—m—l dt,

we find
{(1 ) (;sz —2(m 4 1) p g/: + (n —m)(n+ m + 1)H'(t2 — 1)t —p)y b de

— (’I’L + m _+_ 1){%{(# — 1)7i+1(t —_— M)“;z-—m—2} Olt.
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Tt appears thus that the differential equation (2), is satisfied by
W= f(ﬁ — 1y (t — p)7m =l d,

for unrestricted values of n and m, provided the integral is taken along a closed
path, z.c., one such that the integrand (> — 1)" (¢ — p)~*~ 7! attains the same value
when the path has been completely described, as that with which it commenced.
The integrand has, in general, the four singular points ¢t =+ 1, t = — 1, t = p,
t = o, and we shall see that it is possible to choose two distinct closed paths,
defined with reference to these singular points, which will represent the values of W
required for the two LEGENDRE’S associated functions.

2.

-/

-/ f—.H g

If the variable ¢, starting from a point C, describes a path in which a positive
(counter-clockwise) turn is made round the point p, then a positive turn round the
point 1, then a negative turn round u, and lastly a negative turn round 1, such a path
will be closed, i.e., the integrand (¢* — 1)*(¢ ~ u)~*~”~! will have the same value
at C at the beginning and at the end of the path. In the first figure the path will
be (CaBC, Cy8C, CBaC, C&yC); in the second figure it will be (CD, DabD, DC,
Cf9C, CD, DbaD, DC, CgfC). In PocHHAMMER’S notation, the value of V will be

(w4, 14+, p—, 1)
V= (2 — 1| (B =1y (t —p) =1 dt,
which will satisfy the equation (1); it is necessary to specify precisely the values of
the multiple valued functions in the integral, in order that the integral may have a
definite value.

First, to define the meaning of (u? — 1), let u — 1 = re?, p+ 1 =7"¢?, and
suppose p to have moved from a point in the real axis for which u > 1, along any path
up to its actual position; we shall suppose that § = 0, " = 0, when u is in the real
axis and greater than unity, the value of (u? — 1) at any point will then be

(rr')™ {cos -7;} 04+ 0)+ Lsin%(ﬂ + &) }, where 0, ¢ are the angles the lines joining

paud 1, w and — 1 make with the real axis; # and  must be restricted each to lie
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448 DR. E. W. HOBSON ON .A TYPE OF SPHERICAL HARMONICS

between =+ , in order that a single value may be assigned to (u* — 1) ; by (1) is
denoted ¢5t") where log (') has its real value; the value of (u? — 1)* has thus
been uniquely specified for all values of u, except those which are real and lie
between + 1 and — o . Next, in (* — 1)* = (¢ — 1)* (¢t + 1), we shall suppose the
phase of ¢ — 1 to commence with the value ¢ at C, where ¢ is the angle (between +- )
the line joining C to 4+ 1 makes with the positive direction of the real axis ; the phase
of ¢t + 1 at C we shall suppose to be ¢, where ¢ is the angle (between o4 7) the line
joining C to — 1 makes with the positive direction of the real axis; if at C,
t—1=lke?, t+1=1Ie?, the value of (¢*— 1) will be €5, e*@®*+% where
log (kk') has its real positive value ; after the positive turn round 1, (#* — 1)* will have
become em1og#) | gmr+ o+ ),

The phase of ¢ — u we shall choose to be such that it is zero when ¢ passes through
that point of the path for which ¢ — u is a positive real quantity, thus the initial
value of t — u at Cis pe~"~¥*, where v is the angle (between + ) which the line Cp
makes with the positive direction of the real axis, hence (¢ — u)=**"+V changes from
p D e kA fo p=(HRAD g=CeEnADEED: i going from C round the point p to C
again, p~ "1 denoting e~ *"*V#r where log, p has its real positive value.

3. Let us now consider the value of

” - oty I, p—y 1-) 1 (th — 1)4%
Cy (IU‘Q — 1)‘1 J’c 2; m Olt e e e [ (3),

with the specifications of the phases just given, in the case in which u is such that
mod. § (I — p) < 1. We shall make the substitution ¢ — 1 = (p — 1) ; it will be
convenient to place the path so that Cis on the straight line joining 1 and g, so that
u has a real value less than unity when ¢ is represented by the point C.

The integral becomes

—

where C’ is the point corresponding to C.

(1+,04+,1—,0~) /

(,U/ — 1)—m u" (U — ]-)—n—-m—l Kl + ’u,-;_l u>ﬂ CZ’M

o

In this integral the initial phase of w at ( is zero, that of u — 1 is — #, and

—1 2
<1 + K 5 u) has the value given by the Binomial expansion.

On performing the expansion, we obtain

n ”__+ 1 m 2 U(’}’b) #— ] O 1 02) ntr 1\—n—m—1
o <M— 1> %o L) (n—r)\ 2 f wt (u 1) du.



http://rsta.royalsocietypublishing.org/

1~
)

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

)
A

a
\

/
S

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

OF UNRESTRICTED DEGREE, ORDER, AND ARGUMENT. 449

The expression
(14,04, 1, 0-)
e"”(““)g w1 — wu) " du

has been denoted by PocuHAMMER by € (a, D); it has the advantage over the

Eulerian integral I W (1 — u)’"" du of having a definite finite value for all values of
0

a and b, In €(a, b), the quantity 1 — u has the phase 0 initially at C’, so that
u— 1= (1 —u)e ™. The principal properties of € (¢, b) are the following :—
(1) €(@,b) =€ (b, a),

af@+1)...(a +7r—1)
(c0+b+1)...(c(,+b_;_r__l)e(“:b),

@ elatn ) ==y

o +b=1) . . (a+b—17)
(¢ —1)(a—2)...(a —7)

€ (O& -7, b) = (— 1) € (Ol-, b).
(8) €(a, b) = — dsinansinbr. E(a, b)

when the real parts of «, b are positive, E («, b) denoting the Eulerian integral

1
f w1 (1 — u)’~ldu,
0

which is equal to
I (0 —1) TI (b — 1)
O(e+b—1)

By means of (2) this theorem can be extended to the case in which the real parts
of @, b are not necessarily positive.

(4) €(a,0)=€(l—a—0b,0)=€ (2,1 —a—"0).
We have

(14, 0+, 1~,0~)
urtr (’M — 1)~;z~m—] du

(I+,0+,1-, 0-~)
o e(n+m+l)m J'

utr (1 — u)™ "1 dy
= e (n 4 1, — 1 — ),
hence, since

L+ (n+2).. . (n+7)
A=m)@2—m)...(r—m)

€En+r+1, —n—m)=(—1) €(n+1, —n—m),

the expression (3) becomes
MDCCCXCVI.—A. 3 M
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g (kI T(a) 1 a1y
e €(n 41, —n m)<,u,—1> OO —r) (L =m)...(r—m)\ 2 /)’

or

Lo1\¥m 1 —
c,e"™ € (’]2 + 1, —n — ’n’l) <f:{r:—1> F <—' n, 1 + 1, 1 — m, '“—i—#) ’

where F is used with the ordinary notation, for the hyper-geometric series.
In virtue of the property (4)’, we have €(n + 1, —n —m) =€ (n + 1, m); and
from (3)" we have
. e . )M (m—1)
€ (n + 1, m) = 4 sin nasin mmr. EETICETA

hence, whatever n and m may be, the expression (3) becomes

oo A o . w+ NI (n) I1 (m — 1) _ T 1—w _
c € .4smn7rsmm7r<#_1> T (n + ) F n,n-4+1, 1 —m, 5

4. In the case m = 0, we have, since IL (— m) II (n — 1) = m cosecm ,

(e, 14, p—, 1-)
c,,of

. 1-—
(& —1)*(t — p)™dt = ¢,0.¢™. 4 sin nw . F (-—- n,n—+1,1, “2"B> '

when mod. % (1 — p) < 1; in accordance with usage we take the LEGENDRE’S function

P, (r) of the first kind to be given by P, () = F <—-— n,n+4 1,1 L= ’M>, hence, if we

2

e"‘ﬂﬂ'b

choose ¢,? equal to , we have

4qr sin amw

— L (w+, 14+, p—, 1=)
¢ fM * _]'_ (t2 — ]‘)n (t _— M’)_%—l dt.

P”‘ (F’) = L

4o sin nwr

The integral on the right-hand side defines P, (u) over the whole plane, the
function represented in the domain of the point 1 by the series, being analytically
continued over the whole plane.

In order to obtain a definition of P,” (1), we shall first consider the case when m is
a real positive integer, and shall then define P,” (u) for general values of m in such
a way that the definition agrees with the usual definition for the special case in
which m is a real integer.

When m is a positive integer, we may define P,”(u) by means of the formula

' » Oy () . .
P (n) = (,u,2 — 1) T thus in this case

(Wt 1+, p—1-) 1

g—nm ].'I(n + m) (Mz_l)%m ‘( :_)71 (t2 _— 1)7; (t _— M)-—n—m-—] Clt

4 sinnmr Il (n)

P (n) =
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so that in this case ¢,” = e—.m @+ m) . We shall choose this value vof' e, for
4 sinnw - I (n)

all values of n and m, thus obtaining a definition of the function P, (i) for all values
of n and m real or complex ; P,” (n) is accordingly defined by the expression

o nm 11 (')’b + m)

W — —_ S0 2 1\t [ — —n—=m=—1
Pﬂ (F’)— Aor sinna 2% H(n) (F'2 1) (t 1) (t ,u,) dt (4)

J'(:u Fy 14, =y 1)

for unrestricted values of n and m, the phases of the expressions in the integrand
being assigned as in Art 2. In order that this function P,” (u) may be a single-valued
function of pu we must suppose that a cross-cut is made along the real axis from the
point 1 to—oo, so that the phases of pw — 1, w4 1 in (u® — 1) are restricted to lie
between = r, the function is then, when we take into account the remarks which
we have to make in the next article, a single-valued function over the whole plane so
cut, the values at points indefinitely close to one another on opposite sides of the
cross-cut being in general different. It should be observed that the integrand in the
integral for a given value of u varies continuously in crossing the cross-cut which has
no reference to the variable ¢, but applies to w only.

When g in such that mod. (1 — p) < 2, we have

sin 7 . \ 3m 7 11—
Bt =2 ) (5B (11— 5
. 1 S+ T\ 1 — w
_H(—m)<;4—1> F(——n,n-}-l,l m, — ) A €)]

The formula (5) represents the function P,” (u) over that part of the plane which is
contained within a circle of radius 2 with its centre at the point u = 1 ; this function
can be analytically continued over the whole plane and (with the cross-cut) the
function so continued is uniform, and is given by the definite integral formula (4)
which affords a general definition of the function. |

When m is an integer positive or negative, the expression (4) can be simplified ; in
this case the integrand returns to its initial value after a positive turn round each of
the points p and 1, denoting the parts of the integral taken round CeBC, Cy3C
(fig. 1, Art. 2) by P and Q respectively, the complete integral is

P + Q — Pem — Qe(‘n +m + 1)2m,

(1= ) (B + Q)

or

now P -4 Q is the integral taken along a curve which encloses both the points
wand 4 1, and is described positively, hence, in the case in which m is an integer,
the formula (4) becomes

3 M 2


http://rsta.royalsocietypublishing.org/

/an
A

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

)
A

a
fa \

/
S

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org
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mn — 11 (% + WI/) (/'1’2 - 1)%}”'{(”'4_’ b 2 n i =1

‘When m = 0 we have

P, (1) = 5—

2

— (=1 —p)" e . . o L. (7)

(w+,14) 1
=T
which agrees with the definition given by SCHLAFLL

The only case of failure of the formulee (4) and (6) is that in which % 4 m is a
negative integer; in that case TI (n 4 m) is infinite and the integral is zero, and
the product can be evaluated by the rule for undetermined forms 0 X o ; we have

. cosec (m + n)m
I (n +m) = T(—m—n—1)

and the limiting value of

1 by 1k, p=y 1) 1
s~i_n-Z7—n +n)7r,( G 1)7l(t"‘f‘> nm=L
18
1 (wty 1+, p—y 1) R
- mf (= 1) (¢t — p)~* "= tlog, (¢t — ) dt,
thus
e—nm.
P, l(#) = 4 sin arr
1 1 ( +v 1+1 s 1")
[T ey ey Lo, ()

" 2 cos (m+n)m I(n) II(—m—n—1)

If in (5) we change n into — n — 1, the hypergeometric series is unaltered, thus
within the circle of convergence P,”(u) is equal to P_,_"(u); it follows that
the same relation holds over the whole plane; we accordingly obtain another
expression for P,” (1) by changing n into — # — 1 in the formula (4), we thus have

P () =Py (w)

e I(m—mn—1) (ut, L4y p=y 1=)
— n+l _ 2 ) 2 -1 — = o f
T dwsinamr’ 2 H(—n—1) ( 1y !. (t 1)=r=H(t — p)=m d,
— S e_nm__ n+1 i <7:L_)A 2 j.(l’”-, 1) 2 e 1YY (e Yo
7 dwsin(n—m)m 2 (n—m) (pe—1) (F=1)7" (f=p) ™ dt (8).

The formula (8) will serve equally with (4), as a definition of P,” () ; it does not
appear to be easy to prove directly their equivalence.
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As regards the formula (5),

9 — ! - I + ] b - L— 'u‘*
P, (”)—H(-—m) <M—1> F(—n, n-41,1—m, 3 ~):

we may remark that

(=) When n is a real integer and m is not so, the series is finite, and therefore
P, (1) is an algebraical function.

(8) When m is a real positive integer and n is not so, the formula may
be written A

i —_ _}_ H@m+m) 1 2>_ 1) B {1 ’ };ff\ .
P (n) = 5 T (n — m) T (m) (u*>— 1) F <m matm+1,m+1, — >

(y) When n and m are both positive real integers, and n > m, it falls under
case (B), the series being however finite since the first element m — n of
the hypergeometric series is a negative integer, thus P,” (u) is an
algebraical function.

(8) When n and m are both positive integers, and n < m, case (B) shows

that P,” (u) is zero; in order to obtain an integral of the differential
equation we must take II (n — m) P,” (x) which is finite.

5.
/Le
N C c
-/ +/ /
(a.) (.)

In defining the function P,” (u) by means of a definite integral taken round a
closed path, in which turns are made round the points u and 1, but none round the
point — 1, it is necessary to specify the position of the path with reference to the
point — 1. The figures (@) and (D) represent two distinct paths for the same value
of p, but the integrals obtained from them will be, in general, different in value, as
one path cannot be brought by continuous deformation into coincidence with the
other without crossing the point — 1, which is a singular point for the integrand.
We shall consequently specify that the path by means of which P,”(u) is defined in
(4), is one which does not cut the real axis between — 1 and — oo, or is, at all
events, a path which can by continuous deformation be brought, without crossing the
point — 1, into a path which does not cut the real axis between — 1 and — .

6. Another closed path for the integrand (¢* — 1)*(¢ — w)~»~*~!is that in which


http://rsta.royalsocietypublishing.org/

1~
)

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

)
A

Py
A \

/
S

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

454 DR. E. W. HOBSON ON A TYPE OF SPHERICAL HARMONICS

a positive turn round the point — 1 is followed by a negative turn round the point

+ 1.

H

- SN T
P e——

Consider thus the expression

9 , (=1+,1-) 1 R ‘
ﬁbm (IJ‘ — 1)armj T?;: (td — l)n (t — lu)-—'n—m-—l dt’

taken along the path as in ecither of the figures. The phase of ¢ — u will be
measured as before ; those of ¢ — 1, ¢ 4 1, we shall take to be such that they vanish
at the instant when ¢ passes in the integration through the point A of the real axis,
for which ¢ — 1,74 1 are both real and positive; thus, in the second figure, the
initial phrases of ¢ — 1,¢ 4 1 at C are = and — 27 respectively.

Let t — p = (u — ¢) e™, then the phases of u — ¢ are such that at the point E,
where the line joining p and 1 cuts the path, the phase of u —¢ is the angle
(between o a) the line makes with the positive direction of the real axis; the
expression becomes ’

(=14, +1=) 1
Jat (u® — 1) [ v e HmIENT (1 e 1Y (o — )71

o

Suppose now that mod. p > 1, the path of integration can then always be so
placed that mod. ¢ is everywhere less than mod. u; expanding by the binomial
theorem, the expression becomes

n me 1 i n T 'y (—.1+, +l—) ]:[ (W/ + n + 71) 1
f;l (H’g - ]-).‘ . _27 e (atm+1) 7-5() [ H (77/ + m) I] (7A) Mn—iﬂm:l-le‘? (62 — 1)7’ ér dt.

(=1,1-)

To evaluate j (#* — 1)» " dt, we may place the path so that the two loops
are exactly equal, C being half-way between the points 1 and — 1; it is thus seen
that the integral vanishes when  is odd, and that when 7 is even and equal to 2s it
is equal to

(+14)
— zf (¢ — 1) > dt;

0

making the substitution ¢" = ¢*, we see that ¢’ — 1, or (¢ — 1) (¢ -+ 1) is such that its.
phase increases from — = to  during the integration, we thus have
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(+14) , , N
— j (" — 1)y ¢'s—4 dt,
0

@) —3).

II(n+ s+ %)

The expression with which we commenced is now reduced to the form

which can easily be shown to be equal to 2¢sin nar -

M (n 4+ m+ 2s) H(n) I (s — %) 1

1 £
ﬁlm' _____ L% sin . 6(/L+uz+l)m (F‘ - l)fm s

9n o T +m)IL(2s) TL(n+ 5+ %) s’
which is
1 II(n) O (— %)
m (n+m+1)ur Im 2N/ TN 2
fite 5 - 20 sin nar . e (u* — 1) T(n + 1
1 n 4+ m ) + m+1 1
° /Ln+m+1 < + 1 4 n + %’ ﬁ>'

When n is a positive integer, we have in accordance with the usual definition of

Q. (1),

1 OE=pdm 1 4 ffi} na 3 LY.
Q%(V‘)_Znﬂ O+ wptt < + 1, +?2)’ ,ﬁ>’

hence, in this case, if we take
. —(ﬂ+1)m

j;LO —_——

44 sin nar
we have

oo (B = 1) (¢ — )t de.

Qu (1) =

o—(t)um j(—1+,1'-') 1

44 sin nar

Defining Q,” (1) when m is a positive integer, by means of the equation .

Qo (w) = (4 = 1P 5 Qu )

we have
g~ () . II (n + m) 1+ 1-) 1 R
Qi (1) = g (0 = D s [T g (B = 1) (e = )

we should consequently, when m and n are positive integers, choose £, equal to

e._('n+l)m I (n + ”7/)
desinpr T I ()

We shall now assign this value to f,”, whatever m and n are; we thus obtain the
formula

Q. (p) =

e...(n+1)¢7r H(?’I/-{— m)
4o sin 11 ()

L1101 o )
('u2 — 1)am§ ,,2_”, (t2 — 1)” (t — )U“) n—m=1 dt (9)’
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which we shall take as the definition of the function Q,” (r) for unrestricted values of
m and 7.
When mod. (p) > 1, Q,” (1) is represented by the expression

win_ T Hm) (=), e L n+m+2 n4m+1 3 1 >
Q" (M) - 2—72—;1 1 (n + %_) (‘LL -_]) Iun—i-m—i-l F 2 H 2 2 /}l+ —?:_ ’ ;E;/ (10)'

The uniform function obtained by continuing the function in (10) over the whole
plane, with the exception of the cross-cut along the real axis from -+ 1 to — oo, is
represented by the expression in (9).

When n is such that the real part of n 4 1 is positive, the definition (9) can be
simplified, the integral being then reducible to one along a line joining the points 4 1.
The path may be as in the figure ; then, since the integrals along the loops round the
points 1 and — 1 become indefinitely small when the loops are made indefinitely small,
we have

(;}c > J)f?)

(=14,1-) ] ! '
‘( (tQ' —— 1)11 (t — 'ul)-‘n-m-'l dt = (enm. — e-—nm)j' (1 — t%)u (t —_— M)-—-n—m—-l dt
-1

4

1

= 2u8in mr( (L= (t = p)=r=»=1 dt ;
-1

hence, when 7 4+ 1 has its real part positive, we may substitute for (9) the definition

PSR i | (n + 977/) 9 10 '

L -1

_217 (1 — tz)n (t — IL)-—n-—m-l dt

™™ I (n + m) [ g i
=Gm Gy =) [ a=ey@—n—ran. .. )

The integral may be taken along the real axis, (1 — ¢?)* denoting ¢" %8 @=%), where
the logarithm has its real value.

It will be observed that when » is a positive integer, the form (9) is undetermined
(o0 X 0); we can, however, in this case use the formula (11). When # is a negative
integer, the value of Q,” (w), as given by (9), is in general finite, since

w

sinmr.l'l(n)::-—m;

if, however, n + m is also a negative integer, or if m is zero, the value of Q,” (u) is
infinite, so that the factor IT (n 4 m) must be rejected if we wish to obtain a finite
solution of the differential equation.
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Proof of a relation between @, (n) and @, (n).

7. If we apply to the formula (10) the known theorem

Fa,By,2) =(1L =) F(y—aq, vy — By, x)

we have when mod p > 1,

#11,—m+1

e I (n 4+ m)IL (= %) L —m 42 n—m+1 1
Q" (k) = 9utl O(n+ %) (p*—1)" I ( B > B s+ g, ;5 :

The expression for Q,™ (u) is obtained by writing — m for m, in the formula (10);
we have thus the relation '

o~ um Q“m ( ,u) _ gimm Qn--m ( /“')
Mn+m)  Mn-—m)y -~ 7 (12)

which must hold over the whole plane ; it is obvious that @, (u) satisfies the diffe-
rential equation (1), as that equation is unaltered by changing the sign of m. The
result in (12) may also be obtained by transforming the integral in (9) by means of
the transformation (¢ — u) (t' — p) = p? — 1, which is equivalent to an inversion with
respect to the point u.  On making the substitution, we find

[T, 1)
(lu‘z —_— 1)2”%[ (tz — l)n (t — lu)—-n—m—-l dt

Loy =1-)
[ (Mi’/ — 1)—§mj (t"z — l)n (t, — ,L)—nhn-l dt’.

Corresponding to the phase — o of t* — 1, the phase of ¢* — 1 is 7 ; also to the
phase — 7 of £ — p, in the case in which w is real and greater than unity, the phase
of t' — w is r, hence, in order that in the integral on the right-hand side the phases
may be measured in the same way as on the left-hand side, the factor ¢?m-2@-n+hm
or ¢ must be introduced ; we thus obtain

2 Ja (=1 2 J =i 1
(2 = 1y [ B (e — )

(=
o (M2 — 1)—-%}72 e2nwuj

4,1

- % 2 -t m— 4
(£ = 1) = e e,

and thus the result (12) is proved.

Ezxpression for Q. (u) when mod (u 4 1) and mod (u — 1) are less than 2.

8. It will be necessary to obtain an expression for the integral
MDCCCXCVL-—A, 3 N
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(s =14y p—, =1=) 1

(IU‘Q — ].)%m j’ v (t2 — 1)n (t — M)-n-m-l Olt,

analogous to the corresponding integral round the singular points u, 1, obtained in
Art. 3. To define the phases of the integrand we shall distinguish the cases in which
the imaginary part of u is positive, and is negative.

We suppose u to move from a point in the real axis for which its value is greater
than unity, up to its actual position, the path of integration being drawn as in the
figures ; it will be observed that as w moves from a position on the positive side of the
real axis to one on the negative side, the path cannot be displaced from its first
position to the second one without crossing the singular point + 1, it is therefore
necessary to distinguish the two cases..

In the first figure the phase of t—1 at A is+m, and in the second figure it is —
in both cases the phase of ¢ + 1 at A is zero, and that of ¢ — p is measured as before.

Put ¢t + 1 = (p 4+ 1) u, the expression then becomes

B ;l\%—m A4y 0+,1-,0-) " /ﬁj__l w Jorm =l
<,U»+1/ J( w( =1 (w—1) du,

now we put

or,

1 - +1
mEtu oo =)

according as the imaginary part of u is positive or negative, in both cases the phase of

p+1
="

by the expansion by the Binomial Theorem.
We have for the integral

' — 1\ £am (1+,0+,1—,0-) + 1 n =1
(’u —————— > e f u"(l —k 5 u> (w—1) du,

u 1is zero at A, and then <1 — 'g——;;-l- u)ﬂ will have that value which is given

the upper or lower sion being taken in e*"™, according as w is above or below the real
i ) w
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axis, When mod. (u + 1) < 2, this expression can be evaluated exactly as in Art. 3,
the result being obtained by writing — w for u; we thus find at once

\1, 6ty =1ty =y = 1) 1 S . —n=m=-1
(" = 1) [ g (B = 1) (t — p) dt
—_— p2nm . . v H(n)]_[(m—l)(/;,_l iam 1+/L
= €™, 4 sin nr sin Mmar Tn+m \ptil Fl—n,n+1,1—m, ). (13)

when p is above the real axis, the exponential factor being omitted when p is below
the real axis.

.9'

Let L, M, N denote the values of the integral f (¢ — 1) (t — p)~"~m-1dt taken

along loops from C round the three points — 1, 1, w respectively, in the positive
directions, the phases at C being as follows :

of ¢t — 1, m in the first figure, and — = in the second,
of t + 1, zero,

of t — u, — (m — @), where ¢ is the (positive or negative) angle the line joining
C to p makes with the positive direction of the real axis. We have at once

J‘(f"'}'t I+, p—,1-)

c

(tsz —_— 1)/L (t — M)—n—-m—»} dt p— N "i' Me~-1r(7n+n+1); _NeZ:rm — M’

(ot =1+, p—y —1-) .
j' . (t2 —_— 1>n (t —_ ”)—%~77L—] dt — N + Le—Zw(m+n+l)L —_ Nc‘lmn — IJ’

¢

the phases in the integrands being measured as just stated.
To express (7' (¥ — 1)* (¢ — p)™" ™ 'dt, in which, as in Art. 6, the phase of
t — 1 at Cis -+ o, and that of ¢ 4+ 1 is — 27, we have for the value of the integral

Le?™ — Me=™, or L — M
according as u is above or below the real axis.

Tt follows that
3N 2
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(—1+,1=)
( (tz — 1)12 (t — ’L)—n—m—l dt

e

e 2nm

(wt, Ty u—, 1--) o
=i ;Tr){ ( (@ =) (¢ =)

(t, =1+, p—, =1-)
j (t2 _— 1)71 (t — ,Ll')_ﬂ—m-](llf},

¢
or

1

=1~—G;mxthe same expression . . . . . (14),

according as u is above or below the real axis.

10.. The relation (14) enables us to find the expression for Q,” (u) in series, for
values of p which are such that mod. (1 4 p) and mod. (1 — p) < 2. Using the
formulee (5), (9), (13), we find at once

mme . 1 im 1 —

2sin(m + n)w 11 (—m)
w— 1\ 17;}_/{'\
(Mi) F(—nntkni-mi o) o)

the upper or the lower sign being taken in e¥"", according as the imaginary part of u
is positive or negative,
When m is zero, we have

7

{ *”“"F<-—-n, n+ 1,1, 1‘—12——&)-—1?(
\

Q. (p) =

1 F +op
S 1,15 )} (16).
The particular case (16) agrees, when pn is above the real axis, with the result
obtained by ScHLAFLI
If we use the relation (12) between Q,”(p) and Q,™ (), we can write (15) in
the form

VRS | (R N U P/ \ ey R
Q" ()= ZSln(n—m)'rr I (n — m) II(m) ¢ TS 1\ F mnt1, 1+m, 9

_ (B__.If_%)%’]l}}‘( n,n-+1,14+m, ! .Hb)} (17).

When n 4+ m is a positive integer, the expression (10) shows that Q,” (1) has in
general a finite value, hence we see from (15), that in this case

' im / 1 — —1 I 1+
eFrm <"L+%> F(—- n, 41,1 — m, 7 /L) = (}'U; n 1> F (-—- n,n+ 1,1 —m, ~~~B\
(e /
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this result is proved by HuINg* for the special case in which n and m are both
integers. We see, therefore, that when n 4 m is a positive integer, the formula (15)
is undetermined, the formula (17) must in that case be used.

When n — m is a positive integer we must use (15), since (17) become in this case
undetermined. When n + m is a negative integer, Q,™ («) is infinite, but we can
take Q,™ (p) sin (n -+ m) m as a finite solution of the differential equation.

When 7 and m are both real integers, and m is positive and > n, the form (17) is
finite, but if m $n both the forms (15), (17) are undetermined, and must be modified
by applying the rule for the determination of undetermined forms 0/0.

The functions P,™ (u), Q." (1) are defined by OrsricHT for the general case, by
means of equations, in our notation,

i —
P,™ (u) = constant (~ :T) F (—— n,n 4+ 1,1 4 m, ~1~-2Jf> ;

1 I
Q." (n) = constant </’l:t 1~> F( n,n 41,14 m, Ltp )

this definition of Q,” { p) is, however, not consistent with the usual definition as in (10),

. . . .1
in the form of a hypergeometric series whose fourth element is -
W

Relation between the functions Q,", Q_,-.", P,™

11. In the formula (15), write — n — 1 for n, we have then

- qrehTe 1 (/L + 1 im 1 —
n — . tt)m (21 —_— — Y M
Q- (M)#Zsin (m—n-=1)m H(—m){ —1) F( mnA1,1—m, 2 /
# -1 mz 1 +
ot 1) —a,n+1,1 — 5 )}

On eliminating the second hypergeometric series between this equation and (15),
we find

Q. (p) sin (n 4+ m)m — Q" (1) sin (n — m) =«

—_ ‘.ngm. . p—nme nm (T +1 — 1.:_#'
= 57 (= )(o + e )( )B(—n,n+1,1 m, = )
= me"™ cos mar - P, (n), by (5).

‘We thus obtain the formnula

* See ¢ Kugelfunctionen,’ vol. 2, pp. 238, 336.
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» 6—71711',, . . :
an (H’) = {Q " ([,L) S (’)l + ’m/) T - Q-n—lm (H’) S1n (n - m) 77} . (18)'

7 COS nm

This relation which has been proved to hold over the domain of the point
p = — 1, must hold over the whole plane.
In the case m = 0, we have

P, (1) = " (Qu (1) = Qe ()1

If n 4 m is a positive real integer, we have

an ('LL) —_— _i_ . e=Mm a0g Mt . Q——n—lm (’L).

If n — m is a negative real integer, the relation (18) becomes

9 .
P (p) = —e " sinm Q. (1),

we see therefore that in this case the two functions P,” (n), Q,” (n) are not distinct,
Changing m into — m, in (18), we have

P, ()

/1743

_ m 1 |
= {ngz+:? Q" () sin (v m>ﬂ~n§-_3i+iii..1§ Q—"—lm(/b)sm(%-!rM)W}

T COS N

e~ I (n — m) .
weosnmr I (n + m)

Il

sin (n — m)w {Q," () — Q-asr” (1)}

hence on substituting for Q_,_," (n) its value given by (18), we have

- I (n — m 2 —mm ) m
P, (,,,)z—ﬁ-(%;—f%{m (W) = e s, Q). . . (19)

Remembering the relation between P,” (r), P_,_," (1), we see that of the eight

solutions an (p‘)a -n»—lm (;LL) n—_m (;u‘)’ P——n—l‘m (,u')a Qnm (IL)’ Q—-n-lm (/“'), Qn“m (IU.),
Q_,_™ (1), of the equation (1), six have been expressed in terms of the other two.

Expressions for P,™ (— p), Q" (= p) wn terms of P, (n), Q." (1)

12. Since the differential equation (1) is unaltered by substituting — p for p,
it follows that P,”(— p), Q. (— p) are particular integrals of the differential
equation, and are therefore expressible in terms of P, (u), Q. (n)-
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The phases of p 4+ 1, u — 1 in (u + 1), (u — 1) being restricted to lie between
mand —ar, on changing w into —u, we must put —p—1=e*(p+1), —p+1=e""(n—1),
where the upper or lower sign is taken according as the imaginary part of u is
positive or negative ; we have therefore from (5)

)= b (B L4p,
reen = i () F (a1 ),

on substituting for the series its value given by (15), we find the relation

m nre mn 2 sin (n + 777/)7"
P, (— ) = e P, () — Son b WT

T

e Qnm (f‘l‘) . . . (20)

Again from (10), we have since (— )"+t = prtntl, gFointhe where the sign is

chosen as before,
nm (__ I‘L) = — pEnm Qnm (’““) o (21)-

In the particular case of a real integral value of n, we have

2 .
an (____ IU‘) — (_ 1)n P”m (f‘l‘) — Tr_ (_ 1)11 sin mar . e~ ™, Qum (IJ‘)

Qnm (— F‘) = <_ 1),”1 Qnm (f“)

. . 1
Expression for P,” (k) tn powers of " when mod w > 1.

. . . 1
13. In the formula (10), the expression for Q,” (x) in a series of powers of " has been

obtained for the domain of p = o ; we shall now employ the relation (18) to express
P,” (v) in a similar manner. We find by changing » into — n — 1 in (10),

Qnr” (1) ,

I (m—n—1)1I (—

e " M

=TT
(-4 M(n—%) cosnmr - m—n+1l m—n 1

— o O . 21 Nimy  n—m ” 1 T

= —2% I (n—m) sin(n—m)w(ﬂ' D g g 2T s

) i e (=1 M—n 1
2 (MQ__]_)ML,Ln F/\ 5 , -_2‘ ,% ;?)

Hence we find

P (P“)
_ gl’l(’/b_t’/ﬂl'lj 7 H(n:l—'m,) ( 2_])%,” 1 <n+m+2 nt+m+1 L3 1
2+ cos mar " TT (n+ ) TL (—§) ! 2 2 20

II (n—1) L /m—n+l m—n 1
o 112 a1 oy = - T 1. i
T2 Gy 1 (=g W F< 9 g 22T ,ﬁ)
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464 DR. E. W. HOBSON ON A TYPE OF SPHERICAL HARMONICS

In the particular case m = 0, we have

P, (n) = 21 TI(n + LTI (— &) w \g + 1 T u?

n _E,_(ﬁ_‘_, ,A),_-, n 1—mn «,HL 1 i
T2 n-nP F< )

tan nar II (n) 1 / " + 1 o8 1 >

(23).

It will be observed that when n + m is a positive integer, the expression (20)
reduces to its second term, but not so when n - m is a negative integer, since
sin (n 4+ m) . I (n 4+ m) is then finite. HrINE gives® as the expression for P, (u),
when n is unrestricted, a formula which is equivalent to the second term in (28); his
formula is, therefore, only correct when = is a real integer.

Ezxpressions for P, Q" wn series of powers of m, when mod. p < 1.

14. It will be convenient to obtain the expansion of Q,” (n), first in powers of p,
when mod. p < 1, and afterwards to deduce the corresponding series for P,” (u).

Taking the formula

e_(.ﬂ,+1)m I (n + m) J'(—1+‘1~) 1
m I 2 — dm - N7 T _
Q" () = 44 sin mr 1) T (n) o

(B — 1) (¢ — w)™" "1 dt.
Consider first the case in which the imaginary part of p is positive; the path of
integration can be so chosen, as in the figure, that, for every point of it, mod ¢ > mod . ;

the term (£ — w)™" ™" can then be expanded in ascending powers of p, and we thus
find

" — i("“l‘i Y 1 S U@+ m+r) (Gl b3 T
Q" () = 4¢ sin nar (w* = 1)° 2401 (n) .= II (7) ‘ (= 1)t dt.
Let us now consider the integral, [“% 17 (12 — 1)t dt.
- 9 A

First, suppose n and p to be such that the real parts of n -1, p 4 1 are both
positive, the path of integration may then be as in the second figure, the loops round

# ¢ Kugelfunctionen,’ vol. 1, p. 38.
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the points 1, — 1 being indefinitely small, and the semi-circles round the point 0 being
so also ; the parts of the integral taken along the loops and semi-circles in the limit
vanish, and we have only to consider integrals taken along the real axis. The integral
consists of four parts, the following :—

(1.) From 0 to — 1, phase of ¢ equal to — &, and the phases of t — 1, ¢4+ 1
equal to 7, — 27 respectively.

(2.) From — 1 to 0, phase of ¢ equal to — =, and the phases of ¢ — 1, £ 4 1
equal to 7 and 0 respectively.

(3.) From 0 to 1, phases of £, ¢ — 1, £ 4 1 equal to 0, 7, 0 respectively.

(4.) From 1 to 0, phases of ¢, t — 1, ¢ + 1 equal to 0, — a, 0 respectively.

Taking v for the modulus of ¢ we have in the first two parts of the integral
t = ve™", and in the other two parts ¢ = v; hence, the integral is

f (1 — vz)n P (enur . —Zl“ﬂ" ()/*Fﬁ‘" — C—D-Hm + e 1.1 —e ™, 1, 1) d’U
or
(é/bm — -—nm) (1 + enpm)j (1 — )n P d’l),

which is equal to

II(n)H( )

i)

To show that the result is the same, when the real parts of »+ 1, p 4 1 are not
both positive, we find by integration by parts

2usinnm . (1 4 e?™). 4

(=14, 1-) (=14, 1-)
j‘ (tz —_ l)n 74 dt — w j (t2 ___/1)7; tp+2 CZ&,
p+1

and also

(=1+,1-) 20 +p + 3 (=1+, 1-)
D [y —e L SR 2 n+l tp
f (B —1ywrdi=—— 2 j (¢ — Ly+1ge dt.

By successive use of these two formulee, we find

—~1

(=14, 12) I (”;’1+n+s> I (%—) Il <1’“2L +n+s+x> .
f @ =1y d=(—1))——5 2 - L)
I <2%+n> i) <p_2___+8> 1I <p_'2' +n+s> T (n+n)

P

(=14, 1-)
X ]’ (t2 —_ ].)n+)\ tp—!-Zs dt,

MDCCCXCVI,.—A. 3 0
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466 DR. B. W. HOBSON ON A TYPE OF SPHERICAL HARMONICS

where \, s are positive integers which we can so choose that the real parts of

n+ A+ 1, p+ 2s + 1 are both positive, in which case

p+ 25 + 1>
2

(=1+,1-)
j (t2 —_ l)n—M [pres dt el A Sill (n + }\)ﬂ- . (]_ —_ e—p+l+2m—)
II <n + N+

whence we find, as before,
r—1
i} (n)n< . >

(=14, 1=)
j (* —1)y'trdt = vsinnr. (L4 ™) ———7
i <n +p ; l>

We have now, letting p = —n —m — r — 1,
(n+1) i II (n4m+ )H(%>H<_ 7@_"*'_7;‘*‘7'_1)
" e~ ”’F 9 1\in LS N X, b mtnm n+m-4r ,
Q" (p) = dosin nar (W*—1) 9II () Eo(l e ) II (r) I (n—m—r) ®
2
— 0N —n —
B = - 2
JE . 11 < 5 1> I (n + m + 2s) .
= e(n+nz )2 — — Ms
o = T2 11<7?. ﬁﬁﬁﬁﬁﬁ Z’.}J)

-—77,—777,—23--1_“1\

o=+ Ter ) =2m 11 < 5 )H (n+m + 2s + 1)

(n-+m)me

25+ 1
M .

By the known transformation theorem II (— @) II (z — 1) = = cosec @, we have

II( n—771,:_g§__1> H<m—n+23_1> COSGO<7L+7)L+ZS+ 1>7r

2 o 2 2
I 7@—-—77@-—28 I 73+m+28 086C 7171_:77L+__%§ -
2 2 2
H(n—n-— +s> smn;nqr
= H
<m + n+s sin m+n
also
—_— — — DG e —
H< n m‘) 2s 1__1> H<m n+2s 1) cosee <m+n;—23i_1_+1)
H(y@——m——Zs—-i) H<n+m+23-i 1 cosee <m—-n+2s+1>7r
2 2
(m——n—l > m—-n
II (- 2 + s T

3

Y (GESTE g W,
2 y 2
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hence the expression for Q,” () becomes

—py—9
_ H(n+m)H<m " )
(2 n)_- .
e T 2 /mtm4l m—n | o
()= — ot (Pv —1)¥sin 5. H<ﬁﬂ> F\ 5T T h )
2
I (n+m+1)II m—n—1
em=m% " m—n 2 m—n+1 m+n+2 4
+ Zn‘l-l (“.L —'1)3 COS 2 . H n+7n+1> [.LF 2 ’ 2 29, ‘U, (24):
(25
The known transformation
U 22) _ oo, M@ =)
II (=) II(—%)
gives us
n 4+ m—1
II e e e
H< “)_ — ontm < 2
n + = 1
H( 2 > I < - 35
and
i n+ m
H(?’b +m + 1) — 2n+m+l 2 -
w4+ m4+ 1\ n
) e 1
( 2 ) H< 2>
also
r cosec [“F2 =M meosec (L 1Y
I /nfn__—_‘? 2 I m—n—1 _ 2
9 - H<n—~m> 2 - H(tm_l) ’
2 2

hence the formula (24) may be written

. o (MH__}) I (—1)

. Le(m—-n ., 9 1 n+m+1 m-—n '
ST Nl e LA R STRES
")
| i <?7«_+??%>H (=)
_m 2 2 ) m—=n-+1l m+n+42
e o (e (B ) ()
)

15. Next suppose the real part of u is negative, the path of integration in the
formula for Q,”(x) may then be placed as in the figure, in which the line joining
C and p passes through the point ¢ = 0. At C the phase of t — p is — (27 — 0), and

302
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e

—n=m=1
that of ¢1s 0, so that the phase of 1 — i;—is — 21, thus ( 1— ’;) is equal to
\

¢ +mm times the value given by the Binomial expansion ; we have therefore

n — e twrler 1 —2nme (9 Tin o +m+r) f(—l+’ = 2 1\ g—n—m—r—1
Q. (I")—‘ ¢ sin nar * 27 11 (n) ¢ (n* — 1) % IONRE (t "'l) 2 dt.
(=14,1-) | o
The value of I (*—1) ¢ dt may be found as before by first considering the
, &

case in which the real parts of n and p are greater than unity ; in the present case,

NN
C e e O

-/ 0 +

the phases of ¢ are 7 in the integral from 0 to — 1, and from —1 to 0, and zero in

the integrals:from 0 to 1, and 1 to 0, hence the integral is equal to

1 — —
f (1__,?]‘2)15 Y (e’lbm 6-—277,111 e’[)+l S UL | . @p+1Lw + e 1, ] —emm . 1 . 1) CZ’U,
0

or

I () TT <3; 1)

4

(67&7" —_— 6-—-nm) (l _|_ epm) . % .
u ( (n+2 ﬂ)

2
The extension of this result to the case in which one or both of the quantities n, p
have their real parts greater than — 1, can be made as before.
We thus find after reduction, as in the preceding case,

w4 m—1
m

QM (p) = 9 ¢ 2. . <@; m>

n + m + 1 m—n 1

(w* = 1)"F < Ty Ty M2>

R
I <ng:ﬂ%> (- 1)
i Om 2 T e =0+l mtn+2 40 o
+ e<ﬂl ) . 2 . <ﬂ/ —_—m — ]_> (Mg - 1)% I'LF <“KV 2 0 2 o "‘Z’ ‘U..
II S ———
2

(26),

which is the formula that corresponds to (25),
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16. In (25), change n into — (n 4 1), we then find, after some transformation of
the numerical factors,

Q —n—lm (M)
Jrtm H<”Lt”;1_>n(_.%) o1
1 ma)y o . 2 by m+n+l m—n 2
=yl e 2 . = n—m (V’ _l)nF( 9 "o "%"7”“
sin —=— I <,9

sin n;m I (@_ﬂ) M (—})
. 2.1 \im
n—1n I (qy—m ——1> (P- 1) ”’F

o8 ——— T
2

2 2 .2

— Le(m-*-n)% , Qm

<m+n+2 m—n+1 4 2)
PRLTE, BTN 8 40

On substituting these values of Q," (), Q_,-," (1) in the formula

c—'??l‘lﬂ

P, (/") —_ {Qnm (F«) sin (n -+ fm,) T — Q" (M) sin (n ) 71'},

m COS NI

we find, after some reduction, for the case in which the imaginary part of w is

positive,

I <"7:.‘i;ﬁi’_‘i>'
m —mm om 4 7'1/+ m 2 im m-+n+ 1 ’)7?,-—;7?/

Pn (}L):e -2 CO8 ”""‘2""'7.5:1(7}_”1) ( ]) (Me—-l)ﬂ’ F< B —3 —*”é'«, _é_’ ”’2>

-z

2
n-m .
(= ‘
I L 2 > m m4+n+2 m-—nt+1 ; o
“+e .2™s1n Ty T, PP (,u,z— 1)‘1 MF <'~‘—§—  mmg —*2«, ‘u}\ (Z/).
A= ,

When the imaginary part of u is negative, we obtain in a similar manner a formula
which differs from (27) only in having the exponential factor ¢"™ instead of e=".

From (27) it is seen that when m 4 n is an integer, only one of the two
hyper-geometric series is required to express P,” (u), the first or the second according
as n 4 m is even or odd.

Definition of the functions P,", Q" jfor real values of p which are less than unaty.

17. The functions P,” (n), Q. (1) have been defined as uniform functions of u for
all points in the plane of g in which a cross-cut is made along the real axis from
1 to — o ; at points indefinitely close to one another on opposite sides of the cross-cut
the values of P, (u) or of Q,” (1) will in general be different. Weshall consider first
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the values P,” (n + 0.), P,” (u — 0.:) on opposite sides of the cross-cut for real
values of u lying between the values 4 1.
Referring to the expression (5), we see that in this case

1 1 im 1 —
an (,bc + 0. L) oy I?;W) 6_%""” (%Z) F ('—- n, n + 1, 1 — m, TE>

m — 1 L 1 + ot b P I - Il
P, (p,-—O.L)_-H(_m)e <1J“/J«> F<—-n,n+l,1——m, 5 )

hence we have the relation
dm Po(p+0.)=e ™ P (n—0.1)

_ 1 liﬂ\%m ' 1 — w
= T m)(l _’u) F(— nyn 41,1 —m, P ) (28).

It is convenient to define the function P,” (u) for real values of p between 4 1 and
— 1, in such a way that its value shall be real for real values of m and n; the
definition which we give is that for such values of p,

Pr(p)=e"Pr(p+0.0)=e " P (u—0.1

1 (1+;L

— 1—p\
I (—m)\l1 —pu

m :
) F(-—-n,n-’,—l,l—-—m,-z——/ .. (29).

From (27), we find in this case

) . n -+ m : \ 2 / o [Mmtr+lm—nl
Pt () = 2" cos z'"”'ftﬂ)ﬂ( AN e R Y
5" (-3)
H<7z-+-m>
. mAm 2 1 m+n+2m—n4+1 3
+2’”sm—--2 R I (L — p?) F< 5 ) 2 ,‘Q‘,MQ)
II — [[(5

when (1 — p?) denotes e &~ and log, (1 — u?) has its real value.

We see from (29) that when m is zero, or an even integer, the values of the function
on the opposite sides of the cross-cut are equal, so that in this case the cross-cut is
necessary, so far as the function P,” (u) is concerned, only from — 1 to — .

18. Next, let us consider the values of Q,” () on opposite sides of the cross-cut for
values of p lying between & 1; from (15) we have
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" fooeet mon 1 ‘ e (+ dmym <]‘ + @\ / -
Q (u+ 0.4 = 2sin (n + m)w H(——m){ [——-,u,) F{—nn+t1, 1-—m )
j - Im
— phmme ____f'_" F / —
e <1+M> \ n, 41,1 — m, >}

and
Qr (p—0. )= T L[ o (LA gy 1 1T
A\ ' 2sin (n+m) m I (—m) 1—p ’ ’ > 9

- 1 —p m 1+
— o hm ” — — - I“‘
e <] +,u,> F < n,n+1, 1 —m, 5 >},

/

from these equations we find

6—}mm Qnm ([.L !_ 0. L) —_— e%nm. (\, n (I“(‘ - 0. )

e 1 ~(n+mym (n-+m)m ( 1— K b < 1— M
= C. - C B
2sin (n+m)m I (—m) ( ) 1+u F{—n n41,1— —m, 9 ):

hence we have the relation
e_gmm Qnm ( o + 0. L) — e?;mm Qnm ( p— 0. ) — yar g P " ([1’) ) ( 3 O),

where P,” () is defined as in the last Art. In the particular case m = 0, (80) reduces
to HEINE'S relation

Qu(p+0.0) =Qu(p—0.1)=—wurP,(p)

It is convenient to define Q,”(u) for real values of u between + 1 and — 1 by
means of the equation

enm Qnm (M) — ‘;13‘ {C—%mm Qnm (H’ + 0. L) + el Q;,,m (M _ 0. L)} o (31)’

which gives us

1 l+/" E1S . 1___“
Qv (n) = " 2sin (n+m)'n— I (=) {COS (nt-m) . (1— > ¥ <—~n’ a1, L—m, 7)

"
1 — g\im .
‘"(Tﬁ) F<"””“+1’1"m’%‘&>}'
We have also ‘
n<%+4’%—}>
n — 9m=1 g m+n - 2 ) 1 I;LFIWI-P???/"[-I m—n 1 2
Qn ("L)—— - S 2 4 (7?;—']7?,) ( M ) \WJ—*; 7, Gy M
I
2
(") -y
e m—+n 2 o m—n-41 m+n+z
+ 2 eos T n<”~m—~1> (1=p)" p ( 5 g o M2>'
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In the case m = 0, (31) agrees with HeiNe’s definition of the function Q,(u) for
real values of p between 4 1. Objections have been raised by ScHLAFLI to this
definition of Q,(p), on the ground that the function does not satisfy LEGENDRE'S
equation. There does not, however, appear to be in reality any question of principle
involved ; it is merely a matter of convenience to give a definition of Q, (), which
shall give real values of the function in the real axis, when n is real. It must,
moreover, be remembered that although we have drawn the cross-cut along the real
axis, it might have been drawn along any line we please joining the points 4 1, and
thus the function Q, (r) may be regarded as satisfying the differential equation of
LrceNDrRE for points in or near the real axis, the surface over which the function is
uniform being a different one from that which we have hitherto postulated, and the
function being a linear combination of the two independent integrals of LEGENDRE'S
equation which we have defined and used.

 19. For values of p near that part of the real axis which is between —1 and —o0,
we see from the expression (10), that

nm(f"' + 0. L)

enme T (n4-m H(_.__l_ 1 - n+m+2 n+m+1l . 1
= 5y ( T ) : 2) (Mz___l)?zm.e—-(nﬂ)m —— , , n'l'% , _9,> ,
T 1L (0 + 3) (S 2 2 2,

Q" (k—0.4

_ g II(n+m)II(——%)( 2__1)%m P+ D) e 1 ; n+m+2 ant+m+l 3 1
2n+1‘ I (n + JQ._) IU‘ * '(__M)n+m+1 9 3 9 ’ PR Mg )

where (p?—1)¥ here denotes ¢ & ®=D the logarithm having its real positive value ;
we thus have

gim Qnm(ﬂ‘ + 0. L) = e Qnm (/“’ —_ ). L) . N . . . . (32)

and we may define Q, (u), for real values of p between — I and — w0, to be equal to
either of the expressions in (30) with its sign changed, thus

n g Tl(n+m) I (—%) , . . 1  /ntm+2 n+m+l 5 1
Qn (I‘l‘)z on+1 ) I (n+ %) (MZ_‘ 1)2 (__/L)n+m+1 9 ’ 9 3 H’+§3 ?j

where (u* — 1) has the meaning given above.

To express the relation between P, (w), P (— p), @ (p), @ (— p) when w 1s real
and lies between + 1.

20. We have from (20), if 8 lies between 0 and §,


http://rsta.royalsocietypublishing.org/

fa \

a4
-
I ¥
y & ) ©

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

%

S

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

OF UNRESTRICTED DEGREE, ORDER, AND ARGUMENT. 473

2sin (n + m) ™
™

P (—cos—0.)=¢e"™P (cos +0..) — e Q" (cos @ + 0.1),

hence

eimm P (— cos 6)

— e~nm, e—-*}mm :E)nm (COS 0) — ??LIL(@_M_)_E

e e%mm {Qﬂm (COS 6) — ‘%L?T an (COS a)}’

or

P (—cos ) = P,I:"” (cos @) fe= ™™ 4 ysin (n + m) 7} — 2sin (n + m)m Q" (cos 6),

w

hence we have

P,»(— cos 0) = P,”(cos 6) cos (n + m)r — j— sin (n + m)w. Q" (cos ) . (33).

k
It is easily verified by means of the formula in Arts. 17 and 18, that when 0 = i,

¢

2 sin (n + m) w. Q7 (0),

m

(1 —cosn +mm)P,»(0) = —

hence (33) does not involve a discontinuity in the value of P,” (cos #), as 6 changes
from 0 to .
We have, also when 6 is between 0 and 1,

Q%m (— cos — 0. L) = — e Qnm (COS o +0. ")’

or

3mar

e { Q" (= cos 0) + T P (= cos 9)} —— et {Q (cos 0) =T P, (cos)
hence, by means of (33), we obtain the relation
Q," (— cos 0) = — Q," (cos ) cos (n + m) 7w — Lawsin (n + m)w. P," (cos ) (34).
When m and n are real integers we have

P, (= cos 0) = (— 1)"*"P,"(cos 0), Q,"(— cos ) = (— 1)**"*1Q," (cos 0).

Expansion of P," (), P, () in powers of p— 4/ ,u;‘z — 1.

21. If we make (u — +/p?—1)%, for which we shall write & the independent
variable in the differential equation (2), we find that the equation takes the form
MDCCOXCVI.—A. 3
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474 DR. E. W. HOBSON ON A TYPE OF SPHERICAL HARMONICS
PW AW
E(1=¢) d—§’+ E{l—m — (m + 3) €} TE T L(n—m)(n+m+1)(1—§& W=0.

Let W = £+t W' we then find, on substitution, the following differential
equation for W':

PW W’ )
£(1 --{-')—d-é; + {(n+%)—(n+2m+%)§}(—d7g; —(n+m4+1)(m+ %) W =0
Comparing this with the equation,

A 71
dE

which is satisfied by W' = F («, 8, v, £), we see that if a =n +m + 1, B=m + 4,
y =n 4+ 2, the equations are identical. It follows that our fundamental equation (1)
is satisfied by

et — 4B DE

E(1 —§) — afW' = 0,

1 1
V, = 2=ty — 1) F <% +m, n+m+1, n4+ 3, ;;> ,

or by

&

1
— it 2 3 y
Vy=2 ”(/"”"'1)mF<'flz+mJ m"'n’%"‘n,;z s

where z denotes u 4+ +/p? — 1.

In 2z we suppose +/p? — 1 to be measured as hitherto, so that it has a single value
at every point of the p-plane in which a cross-cut is made along the real axis from
-+ 1to — .

It will be seen that mod z is greater than unity over the whole plane, the real
part of 4/u? — 1 having the same sign as the real part of p; on the imaginary axis
z 13 purely imaginary.

In order to express the solutions Vi, V, in terms of P, (u), Q. (p), it will be
sufficient to compare these solutions for values of u whose modulus is very large, with
the expressions (10), (22).

These latter formulse show that for such values of u, the principal parts of Q,” (),

P, (p) are,
erme T (n + m) T (—
e T+ D)

—5—) (‘u/z - 1)».}—m H‘—(ﬂ+m+1)f

I (77’_%) 2

sin (n + m) 7 I (n + m) o
M(n—m)I(—1%) (,u, - 1) w

2+ cosmar T (n+3) II(— %)

([LZ _ 1)%4;@ M-f’n—m—l + 27;

respectively ; for similar values of p we have

'V'1 —_— (2M)—;z—771—1 (l“'g _ ]‘)%mg V2 — (2M)n_m (M2 — 1){”@.
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It follows that, since V), V, must both be linear functions of P,”(u), Q. (p),

. —1 . N L 1 !
Qur(uy=a oo B B (1) a0 F (o, et 1, b, 5] (39),
H(n+—§) Ay,

n —_—m Sin(n—f-m)w H(%+77l) 2 . 1 it p—(2+mt+1) 1(l 7 3 1«)
p, (/"‘)_2 COS I M(n+4) (=1 (,u, 1) Z F 2+m} n+m-+1, n43, 2

" — I <n — %) 2 Y pn—m 1 . 1 £>
+2 I (n—m) T (—1) (w g B +m,m—mn,§ —a, 2 (36).

These formule, (35), (36), are the expressions for Q,”(u), P, () in series of
1 .
powers of pa the series are convergent over the whole plane.

In the particular case m = 0, we have

I () T (= & '
Q. () = _M_é??g%:(_;g)z—@ml)]?(lg—, w4 1,n 4 3, %) .. (37).

o | H(?l) —(n+1) //]_ 3 L
P’t(l“b)"‘"tannﬂ-‘n(%_{_%)n(_%>z F\?:n'}'l;n""—ﬁ’ zg)
Mn& 1 1 _']m y
+H(n)ﬂ(_%)‘F<E,"‘%§—%, ﬂ) coe ... (38).

The particular cases of (87); (38), in which # is a real integer, are given by HuiNg. *
It will be observed that the case of a real integral value of n is the only one in which

P, () is represented by a single hypergeometric series. Exceptional cases of the
four formulee will be considered below.

A Second Class of Definite Integral Expressions for P, (n), Q,” (n).

22. By using the definite integral forms which satisfy the hypergeometric equation,
we see that the expressions

([.L2 —_— 1)-3m g n—mm=1 (un+m (1 _— Q{,)—-.}—m <1 — g)ﬁg‘m Clu . (i&)
p \=n—m=1
<M2 _— 1)%_;}; z-‘ﬁ"?ll“‘]. J' um—% (1 — u)n—m<1 — :;\) e Cl’l,{, . . (B)

satisfy the differential equation (1), the integrals being taken along closed paths,
such that after a complete description of such path the integrand attains its initial
value.

* See ¢ Kugelfunctionen,” vol. 1, p. 129.

3p2
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476 DR. H. W. HOBSON ON A TYPH OF SPHERICAL HARMONICS

In (A) or (B), » may be changed into —n — 1, and m into — m; we thus have
eight different forms which satisfy the differential equation, and as in each case two
independent closed paths may be chosen, we obtain, on the whole, sixteen definite
integrals which satisfy the differential equation (1). We shall proceed to express
these definite integrals in terms of the functions P,” (p), Q." (r).

Consider the integral (A), the path of integration consisting of a loop described
positively round the point 1, followed by a loop positively round 0, another negatively
round 1, and lastly a loop negatively round 0. When the loops are placed as in the
figure, we shall suppose that the phases of u, 1 — u initially at A are zero, and that

the phase of 1 — % is zero at B ; when the loops are displaced into any other position
K4

the proper phases will be obtained by the principle of continuity. We have then

=&~
. du

_ (u? — 1= 1 (m+r—1%) 1 !'(1+,0+,1—,0—
= sntmtl r =0 1II (7.) II (7n —_ %) 22

<

© |

zn+m+1

(”'2 o 1)§mg(l+yo+:l"7o—)
2

el (1 —_— u)-%—m <1 — !

)
gt (1 —_ u)-—m—% du B
3

now

A+, 04, 1-, 0-—) N 3
j’ w1 — gy i dy = et e (n +m v 4+ 1, —m 4+ )

(+r+§) m

=e (= 1)’,.(n+m+1)...(n+m+7.)

w+3)...n+7r+ %)

€(n+m41, —m+ 1)

II (n + m)

parp. @+ m + 1) (0 4 m+ 1) 7
M+ 5HIM(m—1%)

m+3...(n+r+%

A sin (n 4 m) 7

Hence

2 — 1)im a+,0+,1—,0-) N aw \—E—m
(iu' ) J‘ ,un+m(l — u)""ﬂ"“’ﬂl <1 — _> OZM

prtmtl &
II (n+m) (ub—1)bn 1
7 1 5"_‘ )
TIL(n4d) T (m—4) wtmd F <n 1, ma-g, n+g zo>

= —e™. 4= sin (n+m) =

Comparing this result with the formula (31), we have

Q" ()
1 —1 2 1Yo (14,04 I—,0-) / a7\ =g
___‘e(m—n)m. om a (777; 2) a ( E) (,U, 1) .( gt (1 —-’M)_%_m (1 -—-;%) du (39).

4 sin (n4m) w  Zrtmtl
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If in this expression we put u = hz, and make % the independent variable,
we have

1 (m—3) T (—})
47 sin (n+m) 7

!' ;- _— il
(,ﬂ—1)%mf(”’ ) ),

9 — (m—n)m e
Q" (p) = e 2 (1 —2ph+ h2ym+t

In the particular case m = 0, we find

e ‘((ZL'*‘, 0+, lz"vo"') h dl 1
4 sin nar (1 _ 2Mh _{‘:‘Z})} VoL . . (4: ).

Q. () =
Using the theorem (12), we deduce from (40} the formula

Qnm (F‘) — Le(m-—n)m. Q=

II'(n + ’ﬂZ) IH(—m —HI (- %)
II(n —m)  4dwsin(n —m)w

2 —~3m (El"ho'*': 2"‘» 0—) ]L1L~m )
(vt — 1) j ioaa s o (42)

P4

It will be observed that in the formule (40), (41), (42), the phases of the
integrand are to be measured as follows :-—Draw the figure in the A-plane corre-

sponding to the figure we have drawn in the u-plane ; the points z, -1;— correspond to
the points 2%, 1 respectively; the initial phase of % at A is to be the same as that

1 .
of —, and will therefore be zero at the first passage through C; the phase of 1 — /z
in the product 1 — 2k + %2, which equals (1 — 42) <1 - —f—} will be initially zero
at A, and that of 1 — -;b— will be zero at B. When the figure is displaced in any
manner the phases can be found from the foregoing specifications by means of
the principle of continuity.

23. If the real parts of n +m + 1 and L — m are positive, the integral in (40)
can be reduced to the form

]Ln +

1
— p (M) 2my — p—(mt§) 2wy |7
(1 e ) (1 e ) fc (1 — 2;&]1 + ]2/2)m+% dh’
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478 DR. B. W. HOBSON ON A TYPLE OF SPHERICAL HARMONICS

thus we have

n _t‘ MwL QN — L — 90«87_“_’_'"; 2 i s‘s hiH—m 5
Qn (ou‘) =c 2" (W?’ 2) il ( .‘8) ar (Iu‘ 1) 0 (1_2#7L+7L2)1)L+% dh (43)
when the real parts of n 4 m 4 1, § — m are positive.
In particular
3 b !
QM(M)—-—.(; m;;dh. N 7))

provided the real part of n 4 1 is positive.
Similarly we find from (42)

n —_— i, =i u (% + m) I ( - %) 2 - %nZF L
Qr ()= e 27 o= e (= DT g e 2 (4

provided that the real parts of n — m + 1, m + § are positive.
. 1
In the formulee (43), (44), (45), change A into o we then find

® Jyn—n—1

. o " COS mm B 1
Q/ (w) = e 2 T (m — 4) T (— %) (= 1) f i —ga 5y M (46)

m

when the real parts of n 4+ m 4 1, § — m are positive.

* Jmet
Qi (w) = [ T 2 4 iy O (47)
where the real part of 7 + 1 is positive,
n  mmO—m H (7% + 777/) H (-—- %) 9 —m ‘(00 ]Lﬁlb—mu-l .
Qr (w)=e Mo mim—y ® V" T game o (48),

when the real parts of n — m - 1, m 4 %, are positive.
24, Next, consider the expression

. (14, 2—) ) N o\~
(Mz — 1)gmz——n—7n—1§ un+.n(1 — u)—-q—m 1 — > d’b&

22

Suppose that the phases of %, 1 — w are zero, when the point A in which the path

cuts the real axis between 0 and 1 is reached, and that 1 — g;— has its phase zero at

the point B in which :2‘; is real and less than unity.
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1] .A{/

Transform the integral by means of the equation v = 2> — (2* — 1) v, so that v is
the independent variable, we have then,

- o (14+,0-) ” ) 1 w4 L
—_ (Mz — 1)%,/zz—n—-m—-1 ( Z_(:L+m» {1 — <1 — _z_;) v } (zg _ 1)_,5_,,,Z

or,

2 i Yiman+3nf 2 —2m (4, 0=) 1 v B T =)
— (W — L)zt — 1) j 1—1—251) (v — 1) =" dy ;

in this integral v — 1 has the phase zero at that point of the path in which v is
positive and greater than unity ; this expression may be written in the form

1

%o

1 1y II (77/ -+ m) +,0-) IR SRTIN P
2 st m —_ r pul F—int7 T—-m .
(= 1)artei(=1) <1 zz> [I(n + m —r)11 (7’)§ ! (v=1) @

now

a+,0-) X M(—1—m)I(—L— .
f o7 (9 — 1) dw = 24 cos mar. (== H7(ni 2;@ +2m) mEn,

hence the expression becomes

1 (=L —m)I(—1%— i
— (W= 1)-bgtn (=3 H7(n-)- 25%) 2T o oos 7n7r]?<—n—m, L —m,1—2m, 1 —-—Z—Q/',
or
1, R II (2m — 1) . 1,
—_ (g = 1) gt ML " 4w sin m'n-F(-— n—m, 1 m, 1 — 2m’ 1 — )
Qm (lu’ ) {H(’m/———é—)}“ \ ) zﬂ)
or
; . I(m —1 - ./ \
— (p? — 1) 20 sin mar ‘(mﬁA(Z{):Hé)M'Z) F<_.. n=—m, s—m, 1 —2m, 1 — /—1) .
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480 DR. E. W. HOBSON ON A TYPE OF SPHERICAL HARMONICS

If we use the known transformation

H(v—a—6—~1)ﬂ(v—1)F
Oy—a—1)M(y—B—1)

T (a —y—=DII(y—1
T (;(5—2,)11(,()3_“1/) )(1‘m)y—“_BF(Y—a,y—B,'y—-a-—,8+1,w),

F(a, B, vy, ) = (0, 1+ o+ B—ry 1 —a)

we find for our expression

. o I — DI (— % T (n — $) T (— 2m)
— P im -+ 2/
2usin mar . (p? — 1)72 Ti(n— ) T (= — 3)

II (m — &
_1_> + H(=n— 41 (= 2m) —2n—1
2T H(—n—m—DI(—L—m)"

F(—n—m,%—-m,%-—n,
. .
F<n——m+ 1, —m+4, 5+mn, 4_")}’

which can be written

e 9 —jm 1 I <% — %) ghtm
92m~1 (w 1) I (m — %) j[l'[(oz——m)é F

sin (n + m) 7 II (n + m) ] 1 g 11
cos N II (n + %) ¢ F(n+1 My =m0ty zz)

l/ 1 1 _—]..—..,
—n =,k —m, =,

+

or, if we use the transformation
F (OC, B: e .Z) = (1 - ‘,’C)y-a_ﬁ F (V -,y - B: Y 93),

1t can be written

9 T(n—1 . ‘ 1
e JLH (n—3%) 2 (@b — V)" F (& 4 m, m — 0, L —n, ~>

T (m =L O —m) 2
sin (n + 77@) e :E[_(ﬂ/_w 1 9 m 1 3 _%_ .
+ cOS nIr H(%_{_%)z ('lk 1) B 2+m7%+m+19n+ PE) 2 },

on referring to (22), we see that it is equal to

2me Il (— %) 1

= o 3 B

we thus obtain the formula

P (w)
U

2 . II (m —_ l) — -t 9 1m (=) wtm —-3—m / —em
=52 _H—(:E—j—z (p = 1) j W (1 — u) (‘1 - du (49) ;
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on making the substitution © = Az, this becomes

" " I On m < 2 Bt
Pr(u) = 2 ( P—1) J‘( a )(1 — Quh + Ryt dh,

or

—_— m I (7”’ 2) m (z+,»2——-)' ftm
Py (n) = 27n 2 (u* — 1)’ j- (1 — 2uh + h2yn+t dh . (50).

- / . .
In this integral the phases of 1 — Az, 1 — j-:- are to be zero at the points M, L in

which the lines joining the points —,» # to the origin cut the path.
In the particular case m = 0, we have
1 (Z+, "; _) - /WL”'
P () = 277'1,.“ (1 — 2uh + h*)? dh,

which is reducible to

) 1 I
Pn(f’«)=2-m[(‘1—;m%;);dh R (15

the integral being taken along a closed path which includes both the points 2, % )

and excludes the point 0.
By changing n into — (n -+ 1), we obtain the formulee

n — ,,L H (’I?’L 1 9 i (z+,%—) ﬁm—u-l
P/L (I"L) - 277'5 2 ( 2) ( - ]—) [ (1 —_— 2/—;7L + ]bg)m’*‘k dh/ . (52),
J—n—1
Pﬂ (,LL) 27TL j‘<1 _’m}bg)i dh . . . e . . . (53),

the integral (58) being taken as in (51).
25. Next consider the expression (B), the path being the same as in Art. 22; we
find

MDCCCXCVI,—A., 3 Q
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482 DR. B. W. HOBSON ON A TYPE OF SPHERICAL HARMONICS

w

R dm (14,04, 1—=,0-) A — =1
uj‘ i (1 — u)n—m 1 - — du

)
3n+m+1 \ P

. (/Le — 1)§m ‘I;_[,(ﬂ”’ o+ m o+ ) L((I+,0+,1—-,0-)

rtm=% (1 e n—m Jf
gntmtl H(’)’)H (,n+ 7’)’0) 2 J u (l‘ U/) dfu'

Now

A+, 04,1=,0-) o
g s (L — )y = e (r b m L 0 — m o4 1)

(m+3)...om+7r—1%
m+P.n+r+13)
(m+5..(m+r—1%)
(n+8)...(nt+r+3)

— e(n+7‘+§)m . (_ l)r

eE(m+L,n—m<41)

IT(m — §) II (n — m)

— e(n+%)m
I (n + %) ’

.4 cosmasin (n — m)w
hence the expression becomes

et 4 cosmarsin (0 — m)mw

I (m— PTL (0 —m) (= L) ) s 1
T+ 5 antmAl 'F<n+m+1’m+§’n+2’zg.

Comparing this with the expression (31), for Q,” (), we see that

Q " ( ) — o 2m I (/”’ + 77’0) H(”‘ %) (/-LQ - 1)%»»
v )=t 4cogmarsin(n — m)ym 1L (n —m) H (m — L) grintl

(14+,04+,1—, 0—)
Jr ad

. ' m —~n—m=—1
um—g(l J— QL)”""""’(]_ — »v“é) (iu . (54)'

26. We shall now consider the expression

(MQ — 1)!})11, V((l-i‘, 22+,‘1—4, 2—)

zn+m+1

‘ ) / a0 \ - m—1
w1 — u)"“’“(l —_ du.

Using the transformation » = 2* — (2 — 1) 7, the expression becomes

N putm (14, 224, 1, 2—) P g— w—}%
— (IJ‘Q — 1)~~,m 2()7; J’ {1 —_ . ’U} ("U —_ 1)»-—m ,U—-n—-m-l d'l’,
% 22

which can be expanded into the form

nzn+m 11 (’)7’!«'— %) . ( — 1)’ (1 - 1

e (12 1N T
(,u 1 ) e T (P) I (m—r—1%) \ 2?

Py 22 1, 2 I
. j - (,U__l)n-m Qe d,v‘
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Now

d+, 24, 1-,22-)
g (7) — l)lt—m ,U'r—n—-m—-l CZ’U — e(r—?m-(»])m e (71 —_y _l__ 1 P o P ’)’Vb)

(—n—m) (l—n—m)...(r—n—m—1)
1—2m) (2—2m) ... (r—2m)

= —el=tm (=1, € (n—m-+1, —n—m)

T (n—m) 1T (—n—m—1)
II(—2m)

(=n—m)...(r—n—m—1)
I=2m) ... (r—2m)

Amsin(n—m)msin(n+m)w

—e~ 2mare

= —e ", 2% 2msin 2marsin(n—m)w

JI(—m) H(m—§ L (m—1) (=n=m)...(r—=n—m—1)
II(n 4 m) II(—4) (1—2m)...(r—2m)

Thus the expression becomes

e~?", 2qrsin 2marsin (n—m)w

H(?L—-’m) H(WL'—%) H(WL'_]') n+m
TI(n+m) I(—3%) ?

(p?—1)""F (%N;—-m, —#w—m, 1—2m, 1— 317>

Asin Art. 21, this expression can be shown to be equal to

D —m) I (m—3%) 1 m( )
"T(n+m) (=1 Sutu \R)s

e~®mm, 4dg® cos mar . sin (n — m) 7

hence we have the formula

P ﬁz( ) _ Qun p2imre 1 11 (’)Z + 7)2) II( - %) (#2 — l)f}m
n A\ 47® cosmarsin (n—m)w I (n — m) IT (m — &) zrtmtl

n

—n——1
@Lmu;“ (1 — u)n—m (1 — -—> dﬂ . (55))

(14, 22+, 1—, 2-)
" z?

and in particular when m = 0

P (w)= o

sin nar 2t

1 1 [, 24, 1, 2 w \ =1
J’ w1 — u) <1 — fé) T du (56).

A third class of definite integrals which represent the function P," (1), Q" (1)

27. If we i)ut p® = p, we find that the differential equation (2) becomes, when wu’
is made the independent variable,

, n PW 2m +3 NdW  (n—m)(n + m+ 1) _
/“(l—f“)dfl';2+<%_ 9 IL>';?7‘;7+ 4 — W =0.

3 Q2
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484 DR. E. W. HOBSON ON A TYPE OF SPHERICAL HARMONIC

We see that this equation is the differential equation satisfied by the hyper-

. . m—n m 4+ n+ 1
geometric series ' («, 8, v, p), where a = ——, B="——7——, y = }; we thussee

that the differential equation (1) is satisfied by either of the expressions

n+m—1 —m=—n+1 =N

(w2 = 1[5 (1= )™ (1= )

m—n—2 n—m n-+m+1

(p? = 1) }'u“z (1 —=wu)yz (L—p2u)""2 du,

when, as in the other cases, the integrals are taken along closed paths. We thus
obtain a third class of definite integrals, by which the functions P, (n), Q," (1) can
be represented. It is unnecessary to obtain the exact expressions for the functions in
four of these definite integral expressions, as all the results of interest may be obtained
from the two classes which have been already considered.

The existence of these three classes of definite integrals which satisfy the funda-
mental differential equation (1) is equivalent to the result obtained by OwnsricHT,
that the equation is satisfied by three distinct RiemaNN’s P-functions,

Ir 0 o0 1 1
1—p
P< +m —n Lim S ,

— Lm n 41 — im J
.
0 oo 1 )
n 7 — |
P -5 m -3 &ﬂ/ﬁ—l } .
E—— ’
2 fF—1
nt1 L m+l vk |
2 2
L J
- -
0 o 1
n m
- - e 0 1
P 4 2 2 1“‘::;5 > .
2+l m 1
2 2 K

Expansion of P," (n), Q." (r) tn powers of %1 ’
28. In the formula
_ I (n—3H)TI (1) N [ (Gror T-o-) fptm
m —  pi=)m M 2 2 2.1 \im ] 2
Q" (m)=1e £ 2% dar gin (n+m) 7 (w*=1) (L—=2ul 4 IR yntt dh . (40)
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change from A to w as independent variable in the integral, where & = 17 (1 —w);
we then have

I (m—%) IT (—%)

m —_— (—n)me ] o
Q“ (’u> € o sin (n4+m) w

= 9 ) (04 ,1+,0~,1-)
oy W) f
I (m—3) I (—3)
4 sin (n+m) =
Zn—n X 11 (’.ﬂb+ iy 71) 1 0+, 14+, 0—, 1)
T e gy s (o, St g
@ W 2 T e -y

o % —-m—%
u——m—-—2+r (l___u)n-mn (1 + - > du

. 2?—1
Y

—— Le(m-—n)m Qi

u~m-—§+a' (1 __u)n+m du'

On evaluating the definite integrals we find

Q" ()

— iR m
=e"m, 27,

1T (-—-%) I (n+ m) ?im--n 9 L T 1 1 3 1 -
I (n+3%) (F— 1)t (W=1)"F (m4-§, —m—+4, n4-3, —» (5/),

p=vp—1

2Vt —1"

for the part of the plane over which this expression has its modulus less than unity.
Using the formula

which gives an expression for Q,” (u) in powers of which is convergent

—inre

P (1) = 2 Q0 (1) sin o ) = Qe () sin (0 = ),
we find from (57)
P," (1)

oI (=) (IO (n+m) sin (n4+m)w  Zv" 9 . 1 1 3 1 >
- T { I(n+d) cosnmr (P—1)»" (wr=1) F(mtg, —mo4, 043, 1—22
II (7’1/-—%;) zm+n+1 1 \

=+ II (n—m) (& — 1)+ (W—1)"F <m+%a —m+3, —n+4, 1_z2) )

Now by the known formula for the transformation of a hypergeometric series
whose fourth element is 1 — x, into a linear function of series whose fourth element
is 2, we find

1 1 3 £\

F m + Y “m+§’n+’§,_i~_z2)

_ =9Il +1)

T I (n—m) I (n + m)
+H(——n—%)1’[(n+%) 1

I(m —HT(—m—%) (1 =)™

1
F(Wb %,—-m+%,%—7z,l—_——~z§

2R \—n—} 1 3 1
<_1__29) -F(%+m:§_m>n+'§,l_ >:

2
¥, Z
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and thence, after some reduction

0 — 27)2]‘_‘[ (— %) H (77/ + 772) —(m~%)m_~_ e e (1 1 3 ,41,_,,
Prw) =—""""Tu1 {e ooy (W=D G, g, ntk 8y g
Zm+n+1

Q im g -7
+ m (,J.“-—-l)-s F (,—i—‘,—m, F—m, n-+3, ]—*:zjg>} . (58).

1 b/ = —1

This formula expresses P,” (1) in powers of £ B =

29. Let p = cos 0, then remembering that P, (cos 0) = ¢ P, (cos 0 4 0.1), we
have ‘

P, (cos 0)

_ 2 TH(= T (n+m)
o I (n+13)

e gin® { e‘("”'%”“_—#e”(q”%he F(34+m,3—m, n+3§ R
' (26hem sin Pyt A2 &) 27 9pm2in 0

L

eln+ine 1 ; 5 e
+ (2077 sin @yt F (5+m, {—m, n+4, 0uml? gin 9>} '

Hence
2 H(”—H/l)1 cos (j 167 4 7“7r> cos (/n +20— sm + ??»Lz\
P, (cos 0) = i) \ 2 4 2 12— dm? 7 4
™ (’“rz)l (2~s‘in 0)* 9.9+ 3 (2 sin 9)
— 5m  mm
n 12— dm?. 8 — dm? 8 <n +50— ZM+ 7} . (59);
2. 4. 20 +3.2n+ 5  (2sin@i -

- this series represents P, (cos 0) for unrestricted values of 2 and m, provided it is con-
vergent, which is the case When - << -—6--.

To find the corresponding expression for Q,” (cos #), we have from (57),

Q. (cos @+ 0.4)
1 G(m——n) 0 e%m sin @)y 3 — e~
i 2m H( )H(N—I-Wl) ( ) A \%+m,%—m,7z+ 9

I (n + %) ¢+ W0 (20m2 gin Gyn+ e sin 6,
— o (= H T (1 + ) ¢+ Do = wih Jl _ 12— dmp om0
II(n+ %) (2sin gy | 2.20 + 3 2sind

12— 4w 32 — 4m? 6"2‘ (@ +m2)
4 —_— .

9.4. 9% + 3.9 4+5 2sinf
Similarly we find

1 i+ 30+ /4 9 A2 e 0 + m/2)
Qﬂm (COS 6—0. L) = e, T ( ),H(n + m) ¢ { — 1 dm

I (n + %) " (2sin ) 2.2n + 3" 2sind

thence using the relation
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Cmvn QM”; (COS 0) — %__ {6— Jinm Qum (’u. + O . L) _*_ 6%1)7,#:. Q”’m (I“' — 0 . L)} . . (29)

we find
H ’7_1' 777/"T> —3 77277')
Q. (cos 6) :\/WIIWE%% cos (n +360+ it / 12— g 08 (n+3 0+ 4 )
I (2sin 6)! T2 o3 (2sin 0)
/ 5
(nf8g4 27 L mm
4L B cos (” FEO+ >__ (60),

2.4.2n +.3.2n + 5 (2'sin )

the convergency condition for this series is the same as for (59),
It may be remarked that the series (57) is convergent if uis a real positive quantity

greater than unity, (= cosh ¢) provided ¢ > £ log 2,

- in that case

2,2
we have
n — phTL II (ib -+ m,) = (n+ Hy 12 — 4y ?;:)’ ¥
Q (cObh ‘p) 4 \/ IT (71’ + ]) (;) qlnh ’\!f)% ]. 2 “on -l:,'.)) 5 S]nh ’4{\
12 — 4m?. 3% -- 4m? 2 1 ..
+ 2.4.90 + 3. 20 + 5" (2sinh ) o } (61),

4

9\/2'

The corresponding series for P, (cosh ) is not convergent.

where cosh ¢ > -

30. The series (59), (60) are convergent, provided & lies between%and %71 ; 1t will

now however be shown that in case m and = are real, and n +m — 1, 1 4+ m are
positive, a finite number of terms of the series will represent approximately the values
of P,” (cos ), Q. (cos ) when the restriction as to the value of @ is removed. To
prove this, it will be necessary to estimate the remainder after any number of terms
in the series (57).

It has been shown by DArBoux™ that if @ isa complex quantity, MACLAURIN'S
theorem takes the form

F@) = F(0) 4 af (0) + 5y £ (0) 4 .. 4 G N fr(9)

where 0’ is a proper fraction, aud A denotes some quantity whose modulus is not greater
than unity. Applying this result to the expansion in Art. 28, by which (57) was
obtained, we see that the remainder after » terms of the series for Q,” (cos @ 4 0..) is

—_—, em H (’nL - ?) II (_ z) '“(;rh)ze-—ff 1 1 ( )7‘ E_(yl)j‘:{: % + 7:2
' " darsin (m + n)mw *Vosind’ (,,/2 — 1y () I (0 — 3)
0+, 1+, 0—, 1—) 'y \wh
“V e 147 (1 —_ u),w,u )\<1 + 1 d’Z/L,

* See LiouviLne’s ¢ Journal,” Series T11., vol. 4.
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488 DR. E. W. HOBSON ON A TYPE OF SPHERICAL IHARMONICS

where \ is a quantity whose modulus is less than unity ; suppose 7 so great that
r — m + % is positive, the integral may then be replaced by

1 ~m—}
— 4sin (m— § + r)msin (n 4 m)w | wmE (1= w)n (1 + 5 “J du
0

where the integral is now taken along the real axis. We have now

0'u 0w . =0 ' 0" cot 0
troaT it Tme T T T e
"1 oo
the modulus of this expression is {( 1— %> + 1042 cot? 6} , which 1s always greater

Ou

than <1 - —2~>, and therefore always greater than % ; it follows that the modulus of

(

always less than 27+ ; put A <

—m—} Oy \=mk,
= 1> s always less than 273 hence also the modulus of A < L4+ 5— - 1> is

—m—%
S ]> R p (cos x 4+ v sin x), where p, x are

functions of u, and p < 2”** for all values of % ; we have then

1 i —m—}% 1
‘(u"”“%”(l——u)"*mk( 20u1> du:[u"’”“‘“"(l—u)“*’”p(cosx+bsinx) du,
0 \ - 0

in this integral the real part and the coefficient of . in the imaginary part are each

less than 27*% f w1 — g Y+ du, hence the modulus of the expression is less
0

than 2’”*1ju"”‘“*+"(1 — u)y'*” du., Now the » -4 1% term of the series (57) is
0

obtained by putting = 0, A = 1 in the expression for the remainder after » terms,
it has thus been shown that the modulus of the remainder after » terms is less than
271 times the modulus of the = -4 1™ term, and this is true for all values of 6,
not merely for those for which the series is convergent. The two quantities
e Q" (cos 0+ 0.1), e Q. (cos § — 0.1) are conjugate complex quantities,
hence the remainders after = terms in the series for Q,” (cos 40.1), Q,” (cos 0—0. 1)
are of the form

]:[(__21_) H(%—f‘?’ﬂ) G:F (n+%) OF un/d 1 , 12—4’"12. 1‘2_47”’2 ):Fn(0+7r12)
II(n+1) (2 sin 0)* —1) 2.4...2r.2n+3 242041 (2sm€)’

(X :l: LY ) g

when X and Y are each less than 27*%; using (29) we now see that the remainder
in the series (56) for Q,” (cos 0), is of the form

X 2y 1 (n + m) 1 —4m 3 — dm?... (2r — 1)* — dm?
(X + ¥ 7 I (n +%)( y 2.4...20. 204+ 3)...2n + 2r + 1)
cos<n+27+]0+27+l +?ZLZI_B>
(2 sin gy +: ’
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when B denotes tan™! finally this remainder is numerically less than

Y
X}
/——H(n-l—m) 12 —d4m? 3% — dm?... (2r + 1)® — 4m? 1

VT TI(n+4) 2.4...20. (20 +3)...(2n + 2r + 1) (2sin Oy ++’

Qe +1

it has thus been shown that for all real values of m and n such that n + m — 1,
m -+ % are positive, the series (60) may be used to obtain an approximate value of
Q. (cos 0) for all values of 0 between 0 and 7 ; if the first » terms of the series are
taken, the error is certainly less than 2”*! times what we get by writing unity for
the cosine in the » 4 1™ term, » being any number greater than m + . A particular
case of this theorem, namely, that in which m = 0, and » is an integer, has already
been obtained otherwise by StieLTIES.*

It has been shown that wre™ P, (u) = ™ Q" (u — 0.1) — e Q,” (u 4+ 0. 1),
it therefore follows that the series (59) for P,” (cos 6), may, under the same conditions
as regards 7, m, be used to obtain approximate values of P,” (cos 6), the error being
limited in the same manner as in the case of (60).

Approxzimate Values of P,* (u), Q7 (») when n vs a large real quantity
and p s real.

31. It is well known that when n is a large integer, if?g‘(—?i) is. approximately
I (n)

equal to \717%-, it follows from (59), (60) that the asymptotic values o T (n 4 m) P, (cos ),
~O(n)

0+ ) Q," (cos f) for a large real integral value of n are given by

H(?’b) i — 2 ', s (o L o mr
I (n + m) P." (cos 0) = /\/nwsi_nt?sm <n, +30+ 4 + 2 >

——2Q(cos 0) = e A/ - cos <n + 304 + Wr) . (62).

2n sin 6
These expressions are generalizations of the known asymptotic values

Py (COS 0) = /\/mr Sin [ sin (5{:__:50 + 7}>

which was given by LAPLACE, and

Q, (cos 0) = \/Zns 0cos<n+16’+ >

given by Heivg.t

* ¢ Annales de la Faculté des Sciences de Toulouse,” vol. 4, in a paper entitled ¢ Sur les Polyndémes
de Legendre.”
t ¢ Kugelfunctionen,” vol. 1, p. 175.

MDCCCXCVI,—A. 3 R
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490 DR. T. W. HOBSON ON A TYPE OF SPHERICAL HARMONICS

To obtain a closer approximation for large values of 7, we use the theorem

1L (n) = A 2mn . 6—”77”( +19%+ >

we have
_ 1
I 4\/7%'0 o <1+>1_2’E>4 : coximatel
I (11/ + -:]2) B \/M”‘I —(nt+h) (5 + 4 ntd (1 4 ‘,,,,,.,,41“_;, ’ apprOlea: © y
L T Ul Zi R T
1 N, 1—;L"~ . . 1
- = \’/7(1 + éﬁ) ¢ .KI +2n> : neglecting terms in —,
now
1\ 1 1
log <1 + ;27;) = -0 (\-fﬁ — 8n9> =L 81@
hence '
1 __1_.\ " —_ % 1 + _.1__ P - M t 1
+ an) = 5. |» approximately,
or

O _ 1/ _ L AN _ L /3
o p=villm)( ) = vl = w)

.1 . .
when terms in -7 ... are neglected. ~We thus find as an approximation to

II (n)
11 (n -+ m)

_ 2z mar 12—4m? 1 mw
/\/Wsi_n_é(] 8n >{sm<n+10+~~+ >—V dn 2smgcos</z+ 0+“+ >}

or

M n —_ 2 — 1— 277l —— mar
I (v 4 m) Pt (cos 6) = /\/mr sin 0 [<1 4n > sin <n +30+ + >

_ l=de? cot 9008(n +10 + = + mwﬂ (63).

P, (cos 0), by taking the first two terms in (59),

8n
Similarly we find

- L () n - T 1_+29n~
-y @ (08 0) = \/m{(l— 2 eos (30 + ]+ 7))

+ 84m cot, 0 sin Qn + 30 + mw)} . (64).

In (63), (64), n is Jarge but not necessarily integral, and m is not necessarily integral.
82. When p is real and greater than unity, let it be denoted by cosh v; in Art.
28, P, (1) has been expressed in terms of two hypergeometric series, in both of
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which the fourth element is ] _1_ 5 when z = ¢’, this expression for P,” (n) becomes

approximately, when 7 is large,

1 {II (n+m) TL(n) sin(n+m)mw ™ 1—dm? v )
Vo | TI(w) Tm+134)  cosar  A/2 sinh 4n 2 sinhA/

@) I —1}) ety ( 1—4m>  e¥ >}

+ O(n—m) T(n) /2% sinh \1  4n 2sinh 4

P, (cosh ¢) =

except when 7 (supposed positive) is half an odd integer, the first term is very much
less than the second, on account of the factor e~ ; hence

1T (n m) " 1 _ ;[ - j"‘b _ 1 ;—‘4’)71'2 . e~ A
I ( ( ) P}I ((’OS]\ l!i‘) ;;_n <1 877/> \/1—:_——7_2‘# <1 + dn 1— 6_?"1’> 9

or,
II(n—m)y . e ﬁf m? 1—4m 1 L
Gy Pt ) = G i {1y R ) (09
I —m) 4, . . e
The asymptotic value of 1 (n) P, (cosh ) is therefore R e
except in the case in which 7 is equal to half an odd integer.
M)
From (61) we see that the approximate value of H‘@:—Jn) Q. (0051 ), for large
values of n is
3\ ettmti¥ 12 — 4m? W
¢ «/77\—/_777< éﬁ)“l_(;—?p{l—' 4n 1—(;*2‘"}
or ‘
RIS e sl PUE W T o S U
10 (n+ m) Q" (cosh y) = e ' «/1_;7“55{1 T8 m 4n 1—-8_24‘} (66),

o= (41

the asymptotic value is "™ /\/ T IV =%

It may be remarked that the semi-convergent expressions for Brssur’s functions
J. (z), Y, (x) may be obtained from the series (59), (60), by putting 6 = x/n and
proceeding the limit 1 = oo.

Expressions for P, (n), as definite integrals taken along real paths.

33. In (50) change m into — m, we have then

-m —_— _}.— l 7 86c mmw 2 . —%7771(z+"/2-) =t — 2\m—}% .
P, (M)—27n'2m'H(—%)H(m-%) (p?--1) Ir=m (1 — 2uh + W)™ dh;

3R 2
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0\%
now suppose the real part of m-4 is positive, then provided the real part of u is positive
the figure is asin Art. 24 ; we may take the path of integration to be two straight lines
on opposite sides of the straight line joining the pointsz, —1 , and two indefinitely small
circles round these points ; the integrals round these circles will vanish. If the real

part of u had been negative, so that the line joining z, ;—, were on the left of 0, the
path of the integral (50) must have been placed so that 0 was on its left hand,

and thus we could not have reduced the integral to integrals along the line joining
2, %; it is therefore essential in what follows that the real part of u be supposed to

be positive.

We have now

[ e (1= o By b = (e T = 1) [ (1 = 2ph - d)
1/

where the phases of 1 — /hz,1 — —z— in the integral on the right-hand side, are 27 — G,

and o respectively, we thus have

1 e-m(m-—*})

P”-m(ll) — 5,;, . i ( — %) i (,m, — % (MQ —_ 1)—%;% j'l{:n—-m(l _— 2,([.]?/ + hZ)m—% dh.

Let h = p 4 (p? — 1)} cos ¢, then

1 —2uh 4 1= — (u® — 1) sin? y=c*" (u? — 1) sin®

since the phase of 1 — 2uh 4 A% is @ — B + 2w, which is 2\ + &, and the phase of
p?— 1is 2\; thus

P — 1)k i N 1 Nl o1y 20 .
P, () = 2mH(€’_L m H)('m — %)5 (o4 /> — Lcosy)y™sin®* Y dyp . (67).

0

Or, using equation (19), we have
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P (n) — ;rzv'e"”’" sin mm . Q,” (1)

II 4 2 — 1) " Y [T .7
_ H’EZ + :;73 i ((—/-L%) H)(m - J'O (4 /p* — Lecos )" " sin®* Y dyp  (68).

This relation holds for all values of n and m, subject to the conditions that the
real parts of m 4 L,  are positive ; the phase of u 4 +/u? — 1 cos ¢ is the same as
that of u when ¢ = 1.

In (68) change n into — n — 1, we then have, on using the relation (18), after
some reduction

'an (’L) —_— —;2;- e~ sin mar . Qnm (I"')

T (n+m) (u? = 1) g sin® d (69)
T H(m—m) 20 I (— %) I (m— %) Jo(p + v/ —1cosp)tmt! v (69).

34. From (68), (69) it is easy to find the corresponding formule for the case in
which the real part of u is negative ; in this case we have

2 .
an (___ /“) —_ _;r_ =T SN M. Q”m (___ H)

— a <n+7n) eFmm 2 Ym Jﬂr Fln—m)m o9 =1 o} 20
T I (n—m) 2T (— ) 1L (m— %) (n*—1) - (r+v/p—1 cos ) sin® di.

The expression on the left-hand side is equal to

2sin (n+ ) m 2

pFrm P”m (H’) —_ e=mm Q»m (I‘l‘) + _;;:_ e~ sin ’I’)’bﬂ'.@inm'_Q;/u (M’) :

mw

hence
<)

2 .
P (n) — — e~ sin qur, e Q7 ()

I (n+m 1 ™ e . v ~
= iy Iy " [, (/i = Teos yy=msintoydy - (70),

where the upper or lower sign is to be taken according as the imaginary part of p is
positive or negative ; (70) corresponds to (68).
In a similar manner we find, corresponding to (69),

— T2 an ([L) + _i? e~ oin m,n..e:F(fwm)m Qnm (F’)

__ I (n+m) 1 ey [T sin
= I (n—m) 2”‘H(—%)H(m—%)(M2 1) j{o(w\/,p:‘fcow)nwm-ld‘ll (1),
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494 DR. B. W. HOBSON ON A TYPE OF SPHERICAL HARMONICS

where, as before, the upper or lower sign is taken according as the imaginary part of
p 1s positive or negative,

85. When p = cos 0, and @ lies between 0 and L, the expression on the left-hand
side of (68) becomes, on putting p = cos ¢ 4+ 0.,

248

9 ) .
¢ P (cos ) — — e~ sin mar, 65"”"‘{(.2,/" (cos 0) — Py
71- ind

. P, (cos 6)} ,

and on the right-hand side (u? — 1) = ¢*"™ sin” 0, hence (68) becomes

cos mar. P,/ (cos ) — i— sin mm . Q,” (cos 0)

II (n + ’In) 1 s m i o =it &3y 20
= 11 (1 — m) 201 (= D)1 (m — 1) sin” 0 go(cos 0 + vsin f cos ) sin®™p dy . (72).

Again, on putting u = cos  — 0., we find in a similar manner

2 .
cos mar . P, (cos 0) — —sinmr, Q. (cos 6)

I (n + m) 1
T I (n—m) 20T (— I (m — %)

sin” 6 jﬂ(cos 0 — uvsin 0 cos ) sin® o di . (73).
0

Again, putting uw = cos @ 4 0. ¢ in (55), we have

I3

cos mar . P,/ (cos §) — — sin mwr. Q,” (cos 0)

W
II g in™” g ™ 2
_ 1L+ m) ’. slm j - 051.11 v dy . (74)
I (n—m) 2201 (— H I (m — §) Jo (u £ 4/ p? — 1 cosp)tn

Next let us consider the case in which @ lies between 4 7 and 7; we find from
(70), by putting p = cos § £ 0.4,
. 2 .
e P (cos 0) {1 4 vsin ng. e} — - sin . ext=mm Q.7 (cos 6)

__ I (n + m) sin™ 0
T I — m) 290 (— DI (m — L)

(ﬂ (cos 0 -+ vsin O cos )y sin* Y dy . (75),
‘o

this corresponds to (72), (73); the phase of cos 0 + v sin 0 cos Y, when = L, is
+ @ or — 7 according as the upper or the lower signs are taken in the exponentials,
Again, corresponding to (74), we find that when 6 lies between L 7 and ,

. . 2 .
— eFwtmm P (cos 0) fe™™ & v sin nw} + ~sin g, eI Q, (cos 0)

_ T (n 4 m) sin” @ " sin®” 4
T I (n—m) 271 (— HTI(m — 1) j’o (cos O + ¢ sin @ cos Afryrtmtl dp . (76),
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where, as before, the phase of cos § 4 vsin 0 cos § is + m, when ¢ = &, according
as the upper or lower signs are taken in the exponentials.

36. In the important case in which m is a positive integer, we find, from (68) and
(70), that

II n 2 — 1)k
ng -—l: ;n; omTT ((_;_L 13 Him § (M + \/,u — 1 cos ¢)"“”‘ sin™ v dlﬁ

is equal to
. 2 .
P iu), or P/(n)— —etmsin . Qr(p) . . . . (77),

according as the real part of w is positive or negative.
From (69), (71), we find in this case

" I (n + m) (u* — 1)m .r‘ SIN® Al
b, (f’“) M (n—m) 2T ( — DT (m — ) Jo(u + \//" — 1 cos ,\I/,)n-i-/n—l-l d‘l”

when the real part of u is positive, and

2 .
— pFonm an ([L) _I_ _; sin nr . Q”m (IJ“)

( 2 __ bR ™ 4 2
I (n + m) (=1 )j sm \r dy . . (78),

T —m) 20T (= HTILOn —§) Jo(u + v — 1 cos fp)rtutt

when the real part of w is negative, the upper or lower sign in the exponential being
taken according as the imaginary part of w is positive or negative.
When p = cos 0, we have in the case in which m is a positive integer,

an (COS 9)::(_ 1)m II(n+m) sin™ @ . j;' (0080 40 sin 6 cos ‘l’)”—m sin® \p d‘P (7 9))

II(n—m) 2"I1(—4) I (m—1%)
when 6 may have any value between 0 and .

Also
I (n + m) sin™ @ '( " SN A

" — P
P (cos ) = (- 1) T (n —m) 22T (— $H) T (m — §) I (cos € + ¢sin @ cos ) Hm+1 &,

where 6 lies between 0 and $, und

2 .
e P (cos 0) (e¥"™ + vsin nw) 4+ — e sin nar . Q" (cos 0)

= o L (2 + m) sin” @ r sin® afp
=(=1 IT (n —m) 2210 (— ) IL (m — &) Jo (cos @ & vsin @ cos )+ n+l dy . (80),

where 6 lies between 47 and .
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496 DR. E. W. HOBSON ON A TYPE OF SPHERICAL HARMONICS

Remarks on HEINE'S definition of P, (p).

87. HeINE has proposed™ to define the function P, (n) for complex values of n and p,
by means of the expression

P, (/,L) = —}J: (p, + /p* —1cos l/i)“ .

It will appear from what we have shown in Arts. 33-36, that this definition is not a
valid one, as the function given by the definite integral for values of u with a negative
real part is not the analytical continuation of the function given by the same definite
integral for values of p with a positive real part ; it follows that P, (u) can be defined
by the above expression only for values of u with a positive real part.

The fact that the definite integral is of ambiguous meaning at the imaginary u axis
is clear if we attend to the phases of the integrand (u 4+ 4/u* — 1 cos §)", or h*; u being
purely imaginary there is a value of ¢ between 0 and = for which % vanishes, and in
passing through this value of ¢ the phase of the integrand changes by a finite amount,

The A integral in Art. 33 is taken along a path joining z, %Which has the point 2 = 0
on the left hand side, thus for purely imaginary values of w the path may be placed

N

2{.

as in the figure, with a semi-circular portion to avoid the point b= 0; we thus see
that in the above definite integral there must be a sudden diminution of phase nar in
the integrand a8 cos s passes through the value ‘7% ; if this be taken into account
the definite integral will represent the function P, (1) for purely imaginary values
of 11 ; there is however nothing in the definite integral itself which decides apart from
convention what the change of phase in the integrand shall be as it passes through its
zero value. '

Next suppose g to cross the imaginary axis, the 4 integral can then be taken from
1

%

to z along a loop round the point % = 0, and then along a straight line to the

* ¢ Kugelfunctionen.,” Vol. 1, p. 37.
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point & = z, but cannot be taken directly from —i— to z; it thus appears that the

4

function P, () is no longer represented by the definite integral, but that the value

-

of the definite integrals involves Q, (n) as well as P, (1) ; in fact, we have shown in
(70) that in this case

1 (= . _ 2 .
— L(M + /' —1cos ) dp =P, (p) — — e sin nw. Q, (1),

where the upper or lower sign is to be taken in the exponential according as the
imaginary part of u is positive or negative.

The only case in which HeiNe’s definition is valid for all values of w is when n is a
real integer.

HeNe deduces from his definition that for unrestricted values of n, the function
P, (r) is represented when mod u > 1, by the series

.1'_ R Alj’!*(?q}) ot F i L:??/ 1
2 T I@ T\ 7 z

this result, following from the incorrect definition, is erroneous, the correct expression
being given by (28) and involving two hypergeometric series.

It was to be expected d priort that as P, () was defined by means of an integral
taken along a path containing the singular points w and +4- 1, but excluding — 1, the
function so defined would not in general possess any kind of symmetry about the
imaginary axis.

Definite Integral Expressions for P, (n) when m is a Real Integer.

38. When m is a real integer, the formula (4) for P,” (1) becomes

9 1 I (W' + 7)1/) 1 i, ’ bty 1) " i Tl
P (W) = o st g = [ = 1y (= )

MDCCCXCVI.—-A. 38
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498 DR. K. W. HOBSON ON A TYPE OF SPHERICAL HARMONICS

Suppose the real part of u to be positive, and the path of integration to be a circle
with centre at the point p, and of radius greater than mod (u — 1) and less than

¢

/L

mod{u 4 1).  On this circle take a point C such that the angle between pz and pC
is ¢, and let ¢ be the angular distance of any point of the circle from C. If we put

t=p A u =1t N7 the point 't represents, for different values of ¢, points on a
circle of centre w and radius e mod (v/u? —1); we must thus take w to be such

that ¢™ mod (\/u*-—1) > mod (u — 1), and < mod (u + 1), or u < % log mod Z_i—i .
Take the circle commencing at C to be the path of integration; we have

£ —1=2/p" = 1. V% [u 4/ u? — 1 cos (¢ — ¢ 4 w)].
Hence we have

110 ror S—
P (p) = g v%—(;fﬂ jo S/t —Lcos (p — ¢+ w) ez dd,

or

%r ﬁ:{,u, 4 /T =1 cos (¢ — ¢ 4 )} (cos mp — o sin mep) deb

— Pj;i»é (‘U) I (’n) e (\phu).

I (n + m)
On changing m into — m, and remembering that
II (n — m)
D —=m [ S i
E " (f"‘) —II (n + m) PH (IUV)
we have -
e . .
()i g (o4 /B =1 cos (¢ — ¥ 4 w)}* (cos mep -+ v sin me) dep
47T 0
o n i (%) + i Y F L)
=P e

we thué obtain the formulee
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— P (I )HH (n) cos

(n +m sin ’

m(@Fw) . .. . . . (31).

If we change n into — (n + 1), we have

2m cos
7)1*5 sin "¢ d
ol VT s (b =y ) i

IT (n —
= P,,’”( ) ;T(W)m)( )”‘ cin m(¢:F w) .. . . (82).

In these formule n is unrestricted_, m is a real integer, and w is any real positive

quantity less than % log mod and the real part of u is positive.

1 ’
Formulee corresponding to (8],), (82) have been given by HEINE in the case in
which 7 is a positive integer.™
~Ifin (81), (82) we put u = 0, ¢ = 0, we have

L e —— 1T ‘
271-.{ (b + /i -—1cos¢)”. me dp = I—I—@—(%)P,,,"’(u). . . (83)

Ccos

1 sin "9 2 I (n — m) :
27]0 (e + led¢=(—' 1) WP” (w) . . (84).

Definite Integral Expressions for Q" (u).

39. When the real parts of m + 4,-n — m + 1 are both positive, the formula
(54), for Q,” (1) reduces to

mn —— Y/uad w H ('n + ’)n) H (_—. §> (}J‘/ - 1)4”1 f )fl—~ n=m U "”'_m"l
Qn (l") =e€ .2 I (n — m) II (m —_ L) gntmtl u (1 ) ( T 22 Cl’bb

. . . ' -1
on changing the independent variable to v, where u = %Ti , we then have

II(n+m) II( -3
I (n — m) " I (m ———5)

A 2 ‘ n—% J, _]:_ . _ L —n—m—~1 ‘
L(vz"l) {z+z+w<z z)} dv,

Qﬁm (]-L) = pmm, Om (qu —_ 1)%7;2 . 211-m+1

* See ¢ Kugelfunctionen,” vol. 1, p. 211,
382
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or, on putting v = cosh w, this becomes

—_ - i I (71: 772’) II (— :15) 9
o) = g © IL (n — m) " II (m — %) (s

— )r}:m

j {p 4+ /p¥ = Teoshw} " ginh®w dw . (85),
0

where the real parts of m + 1, n» —m + 1 are positive.
If m = 0, we have

QN(M)=I {p+ vp—=Tlecoshw} dw . . . . . (86)

The particular case of (85), when m and n are real integers, is given by Heive.*
When p has a real value less than unity, we have, on using (31),

cdw

1 II(n+m) II(— . n r sinh® w
Q" (cos 0) = 27+ T (n — m) II (m — %) sin® 0 o (cos @ + ¢ sin @ cosh w)r+m+l

| ginh®»
4 [ dzv} :

(cos 8 — ¢ sin @ cosh w)r+mn+l

and from (30),

. 1 I (n 4 m) II(= ) " r sinh?® (
Py (eos 0) = 20, e "I (n—m) I (m — } S n* § o (cos @ — ¢ sin @ cosh w)rtu+! dw
.( ® sinh?” w 0

T )y (cos @ + o sin @ cosh w)r ! b

40. In the formula

i e o (m' am % o
Q" (w) = em.2". T (= ) COS mar (p* — 1)} L (1 —2uh + hayn+i dh . (43),

which holds, provided the real parts of n -+ m + 1, § — m are positive ; put
1
h= p — o/p* — 1 cosh w, then when & = 0, we have w=w, = 3 loge ,and when

h= ~1' , w=0, thus since 1 — 2hu + P = (p*— 1) sinh?® v, we have

Q. (1)

=g, 2™, Hﬁ((«—— cos mar. (p*—1)" %’”j 0(,:.L—- v/ pt—1 cosh w)y"+" siuh =% duw (87),

! and the real parts of n + m -+ 1, § — m are positive.

+
Where wy, = % log mod T

# See ¢ Kugelfunctionen,” vol. 1, p. 222.
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If m = 0, we have

Q. (n) = [:ﬂ (b — A/ p* —1coshw)dw. . . . . . (88)

It is interesting to compare (87) with the formula obtained by changing m into
— m, in (85),

Q. ()

— T m
=e"m .2

I (m—1} e ST ;
. H(?(n %“)y cos mar . (u*— 1)””‘_[ {u4+/p—1coshw} T sinh2"w dw (89),
— 0

which holds under the same conditions as (87).
In (87) change m into — m, we have then

Q" (/“')

= gmm  gm II (‘n+ ﬂ)_ II ("’ %)

I (n—m) " II(m—}%)

(jP—1)" j'::o(p, — /¥ —1 cosh w)*~"sinh®w dw  (90),

which holds when the real parts of n — m + 1, § 4 m are positive.
41. In the formula (9), change n into — n — 1, we then have

NTL y (=~14,1-)
Qv ()= . ° I () 2n+1j X dt,

dosin (n —m)w " I (n — m)

where
X = (”_2 —_ 1)%7;1 (t2 — ‘l)—-n—l (t — M)n-m.

Place the path as in the figure; starting from A, a semicircle of centre p is first
described, then a straight line from E to o, a semicircle of infinite radius, then a
straight path from o’ to A, followed by a similar path taken negatively round the
point 4 1.
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If the real part of n — m + 1 is positive, the integrals along the semicircles with

 as centre vanish when the radius is made indefinitely small. If the real part of

n4+m+1is positive, the integrals along the infinite semicircles vanish. We thus
have,

A (7Y
. enm I (,n/> B
T dusin (n — m)w IT (0 — m)

on+l {e"”"”. 2 cos mir [

Xdt — e, 2 cos nw[ X dt },
"

“

‘where in the integrals X commences with the phase it has at A initially. The phase

of t + 1 at Ais — (2m — v).
From equation (8), we have

N — ptam - I (n) .
P () = 4arsin (n — m) w11 (n — m)

(uty 14, p—, 1)
2;;,+1j' (tz —_ 1)——;1~] (t — “)71—1}1, dt,

‘where the phase of ¢ 4 1 in the integrand is y at A, and thus

(t.% —_1 )—71—1 (t _ M)u—m — (,'—Q)M‘LX;
hence ' ' '

— p—nm I (et 14, p—, 1-)
P”m (,lL) — e —(n> )2”” J‘ X dt.

4ar s&ﬂ(ﬁ—— m) " ‘ ﬁﬂ(n’—- m

[e¢]

- +/

[es]

Taking the path as in the figure, we have, provided the real parts of n 4 m 4 1 are
positive,
j(wr, 1+, p=, 1-)

X dt = e%(?t-mrnj X dt — ew-ﬁmwj th+e—<w+m>mj X dt — j X dt
" ® “

n

==, 2usin (n—m) 77.[ X dt. e, 9 sin (n—m)n-‘ X dt,
M o
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therefore

_ e Ho)

mf — ntl ) o= - (n=—mryme " / .
P = iy -2 { 200 Lth+2c.e Lth}

Substituting for Q_,_," (1) its value in terms of Q" (p), P,” (1) given by (18),
we have '
Q. () sin (n 4 m) w — m cos nar . € P, ()

— ]; . H(?il,)‘-. n+l ” ; 5 . [ }
=, H(n—m)z 4 {2 GOSWWLth 2 cos nn"ﬂ Xdty -

On substituting the value of P,”(u) in this equation, we have

' _ II (n) o * N _
nm — o, T L 2 -1 %mJ‘ 52 —_ 1)L (¢ — n=in dt
Q (l“) I (n — m) (f’“ ) . (‘ ) ( f’“) >

which holds for all values of 7 and m, such that the real parts of n 4 m 4 1,
n — m -+ 1 are both positive.

In this formula, when ¢ is just greater than u, the phase of £ — 1 is the same
as that of u — 1, but the phase of ¢ 4 1 is less by 27 than that of u -+ 1, hence if
we wish the phase of t* — 1 to be that of p? — 1, the result must be multiplied
by e*™; again the phase of ¢ — p is that at A, and this is less by 7 than the phase
of /u? — 1, hence, in order that the phase of ¢ — u may be that of +/p? — 1, we
must multiply by ¢~ @™ the formula now becomes

2 — O ML a (’I’L) FL ” —n— W= .
Q () = 2" e o (W = 1) L(ﬂ— 1)7 71t — p) ™ de

2

— e = ?—1 cosh u,
0 — ) pt

on substituting ¢ = p 4 V¥ = 1. ¢*, which gives us

where u is a real quantity, we have
i e II (n) 1 j’w e
Ve = I —m)" ) o(u+ v/pb — 1 coshu)! du,

or

(91),

Y II.(n) j’ ® cosh mu
m —_— it - . e e e
QIL (”’) = C * 11 (’)L . 77'1,) 0 (/“l’ + \/#2 —1 cosh F‘)’H_l du *

where the real parts of n + m + 1, n — m -+ 1 are positive.
In (91), the phase of pu+ +/p? -1 cosh u is equal to that of w4 +/p?—1
when % = 0. The formula (91) is a generalization of the formula given by Hging ;*

% ¢ Kugelfunctionen,’” vol. 1, p. 223.
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his formula he proves, for the case in which m is a real integer, by a method of
transformation which cannot be applied to obtain the more general result (91).
42. In the formula

em I (n + m) A o%u N
Qnm (.U«):—" WW(F‘Q— 1)’} I_l (]_ —-t"’) (M——t) Ldt . . (]1),

which holds, provided the real part of n 4 1 is positive ; let
t=p—/p—1.¢, then 1 — 8 = 4/ — 1. ¢* {2u — 24/p? — 1 cosh u},
hence

Q. (lj')

e I1 (n+m) o qy (W=D o {2 —2v/pP—1 coshp} n( —V@E=1.¢")du
— . - — e w4+l ' ’
9+l I (n) ("L ) L ( 2__ 1)"1‘”2: e(n+m+l)u
log. \/'i! #

-1

loge E
'\/u+1

I (n + m) Slog‘ w/'f—l

Q. (p) = em™ . ) ”—l{p — /p? — 1ecoshu}”coshmudu . (92).

0

This formula holds for all values of # and m such that the real part of n + 1 is
positive.

The Evaluation of a certain Definite Integral.

48. Suppose n and m are such that n — m is a real integer, and that they are

otherwise unrestricted ; in this case the integral

,i_ ( 9 1)%#& J']_ (tQ — 1)11, (t — )—n-m—l dt

2y 2 #
taken round a closed path which includes the three singular points 1, — 1, p will
satisfy the fundamental equation (2), since the integrand attains its original value
atter description of the closed path. We shall take the path to be a circle with centre
at the point w; if we put t = p -+ /2 — 1.9 agin Art. 38, in this case we

, 1 .
must have » > 1 log mod L2 and the integral becomes

;2—1;T rﬂ fu 4+ /12 — 1 cos (b — ¥ L w)}re = Eme g,
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This integral has been evaluated in Art. 38, when u < §log mod i ; we pro-

ceed-to evaluate it in the present case u > 4 log mod Z i i . We shall denote the

definite integral by I (m, m).

Denote by L, M, N the integrals of —2-1; (* — 1) (t — p)™™! taken along loops
from the point A, round the points — 1, 1, u respectively, then

(tz — 1)” (t — y’)-—n-—m-l Q’t — N + Me-bzm Nean — M

(#2_1)%77& "’(I’-’l" s 1+ p—y 1= )1

— (1 — e‘an) {N + Me—4nm(1 + e2nm)}

(=14, +1-) 1
(e—1)" | (@ =1y (= p)t de = (L= M)e,
Also ’
I(n,m)=N + Le~*™ + Me ™,
hence
(why 1,y 1-) 1

(1 -_— e?vrnt) I (’ll, m) = (,LLz — ]_)%mf ,27(52 _— 1)7z (t — M)-—ﬂ-—m—l dt

I ) L (=110 1 . R
— (1 —_— 1rm) (I" —_ l)sz —27(t — 1)n (t — ’L) 'n dt,

or
nare 3 — H (’)’I) M " ne m
¢, 2usinnw. I (n,m) = Tt )’ 47 sin nar . e™ P (p)
II (n) 8
T (n + m) 8 sin® nr . Q” (M)

we thus have

1 2mr
2ot L in -+ \/,,,2 — 1 cos (¢ -+ m)}n o =P d¢.

I 2 . ” ]
== IT?T(—?H) {P,,,’” (n) — ;e‘”’” sin nw Q" (M)] . (98),

MDCCCXCVI.—A., 3T


http://rsta.royalsocietypublishing.org/

|
P

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

)
A

a
\

/
S

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

506 "~ DR. E. W. HOBSON ON A TYPE OF SPHERICAL HARMONICS

. . 1 .
where n — m is a real integer, and u > % log, mod z{wi . It has been shown in

Avt. 11 that the expression in (93) is zero when n — m is a negative integer.

When m and n are both integers

1 (er . ] I (n
o [Tt = Teos (6 — bk ) e oo g = LR () (04)

0

the right-hand side is zero when n and m are positive, and n < m, since in this case
P (w)= 0. '
Next change m into — m, in the formula (93), the expression on the right-hand side
then becomes
]'—‘[ (,n) —m 2 - &y —mn
m {Pn (,u,) —_ —7;_— e sin N . Qu (M)}

or

__];‘[_@_ m ‘2_ —MwL o7 m ____I:I_K_’}'ﬁ)_ . __%_ . —(+2m)m "
T (n + m) {Pﬂ (1) - € smm. Q. (,u)} T tm = sin 1. e L, Q" (1),

II . . .
) P, (), since n 4+ m is a real integer; we thus have the

which reduces tom 71

formula

1 om e . H \I
,2_7; jo {/1‘ + \/‘u"z — 1 Cos, (¢ — ‘I’ ':l: Lu)}” enu(dr—\k) Fona dqs — W%}_Pnﬂz (‘u) (95),

which holds for all values of m and n such that m 4 n is a real integer ; when m and
n are positive integers such that m > n, we have P,” (n) = 0, and the integral in
(95) vanishes.

44. Tu (93) change n into — n — 1, we have then

I

o {p+ AV pt—1cos (p— £ m)}n+lc

_ I(=n-=1) |
T H(m—n—1) 1

1 2m ot (p—y) Lmu
2o .(

an (’L) _l... _71: ert sin nar Q...n—-—lm (lu’)}

where m — n is a real integer ; now, suppose 7 and 7 are both real integers, it is
then necessary to evaluate the undetermined form on the right-hand side ; to do this,
suppose the modulus of p is greater than unity, and substitute the series in powers of

L for the functions P, (1), Qny™ () ; the expression then becomes
I
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1 w1l ('_%— 1) 1 1 ( 2 1)5912 —n—in—1
I (m—n— 1) | I (m + n— 1) I (— m — m) 21 cos nar II (m+ ) IT (— ) *
‘n+ m + 2 n+m+1 1
P S F)
O(—n—1DTI(n— %) _ <m—n+1 m — n >
on 2 m o n—in F ,
T2 oG m) II(— (W = 1) 2 2
2 a II (m — n—l)H( b _ ‘m—n+1m—mn 1° }
2 Smtm)m on 2 i =i F L —n _—) .
S O} T vl A ( 2 g 2T

The ratio of the coeflicients of the last two terms can easily be shown to be — 1,
thus the result reduces to

1 ™ (—%—1)(——’)7,—’)’]1/«]—1) 1 ( 2_1)5m —n—m—1
I (m—n—1) I (m+ n—1) 91 o qur M(—HI(nt+d)H *

n+m+2 n+mt+1 1
F< 9 ) 2 ,7%—}-%, —#_E>a

or to
( — ]_)n+1 1 m( )
M(@m —n—1)II(n + m)II(n) ®

This result must hold whether mod g is greater or less than unity ; hence when
m and 7 are real integers

1 [2r p—mulp—P) £mu . _ ( — ])n+1 1
I {w+ v/ u* —1cos (¢ — P+ )}l d¢ = II(m—n—1)I(n+ m)H( )Q” () (96),

when m > #, and is equal to zero when m = n.

The case in which m and m + n are negative would require special examination,
but the result in that case may be deduced from (96) ; change ¥, % into —~ ¢, — u, and
¢ into 27 — ¢, we thus find

1 2= mL(d) ¥) & mu (___ 1)/z+1 1
27"J. i+ /W =Tcos(p — P+ w)}”t! dp = II(m —n— 1) II(n + m) II (n) Q" (p)
when m > n, and is equal to zero whenm<n . . . . . . (97).

The results in (94), (96), (97) agree with those of HEINE,* the more general formulee
(98), (95) are not given by him. _

45. Results such as those in Arts. 88, 43, 44, could be foreseen by a consideration
of the fact that (z + ax + By)* satisfies LaPLACE'S equation V2V = 0, provided o, B8
are any constants such that «® 4+ 82 = — 1; this holds for complex values of n, and
when , ¥, 2z are not restricted to be real. Let o= — cos (YFw), B=—usin (YFw),
then, since 2 =1y, = wv/p? —Lcos ¢, ¥y = uy/p? — Lsin ¢, we have

* ¢ Kugelfunctionen,’ vol. 1, p. 211.
3T 2
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508 DR. E. W. HOBSON ON A TYPE OF SPHERICAL HARMONICS
(2 4+ ax 4 By)y = 7 {p+ +/p¥ — Leos(p — ¥ £ w)}";

we should, therefore, expect that if {u 4+ +/p® — 1 cos (¢ — ¥ 4 w)}* is expanded in
cosines and sines of multiples of ¢, say = (u,cosme¢ + v,sinme), the coeflicients
U, V, would be linear functions of the functions P,” (n), Q. ().

Let w =v/p* — 1 e*® ¥+, e then find that

{pHvpr—Tcos (p— Yk w)} =)™ (w+w—1)(p+w+ 1)"

If w < log mod '“ + i, one of the expressions (u + w — 1), (w 4+ w 4 1)" can

be expanded in positwe powers, and the other in negative powers of w ; if, however,

u > log mod ,\/ pt 1 , both expressions can be expanded in positive powers, or both

in negative powers, according to the sign taken in -+ w.

Case I.—u<log mod ,\/”‘ +1

In this case all the powers of w in the expansion are of positive or negative
integral degree, thus

fp 4/ p? — Lcos(p — ¥+ w)}* =éoum cos me¢ + v, sin me,

where m has all positive integral values.

We have
o= L[ BT o5 (6 — bk ) cos g
1I
= 2P, (n) IT(—:-@)WLM) cos m (Y “F w), by (81),
except that
uy = P, (),
also
b= LG VT o (6 — ok )} sin
H .
= 2P," (b) 5 <nS_) ) sin m (Y F ),
hence

{4+ /T =1 cos (¢ — ¥ & w)}”

=P, (1) + 2m2= i (n(j:)m) P () cos m (p — ¢ £ ) (98),
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this formula which holds for all real and complex values of n is a generalization of a
well-known formula, namely the case in which n is a positive integer, in which case
the series is a finite one, since P,” (1) = 0, when m and n are positive integers such
that m > n.

Case 11,

w+1

u > log mod. i

In this case the expansion of {4 +/p¥ — 1cos (¢ — ¢ — w}* in powers of w
consists of powers whose indices differ from » by a real integer ; thus

{F' + '\/ﬁg:.i COSs (¢ —— ]’b — Lu)}n — szm em (p=y—cu)e

where m has the values n, n — 1, n — 2, . ..
To determine w,, multiply both sides of the equation by e~"@-¥=#:; then, since

2
f eW=m@=vxw dd = 0, when m, m’ are different real integers, we have
0

1 [ — ‘
Uy = 57‘7- ’(o {H' + x/,uz — 1 COS (¢ — \p —_— Lu)}% 6*—7/L(¢—-IP-LM)L d¢
II o2 . ,
o (n (-t)m) {P“m () = e ™™ sin . Q" (.“)}: . by (93).

We have thus obtained the expansion

b+ VIE =T cos (¢ — o — w)}r

I (%) n 2 - N m M (b —=— 1y,
=zm—){m () = = ¢ sinnr. Q, (,L)}e G=b=w L (99),

when m has the values n, n — 1, n — 2, . . . and the expansion holds for all real or
complex values of . ; in the special case in which n is a positive integer, we have

) m=n 11 (7’1/) . e i
2 —_— — [ — P i v (=g —1u)
(w4 V¥ =T1cos (¢ — ¢ — )} = 3 Tt ) P (u). e .~ (100).

When 7 is a negative integer, change it into — n — 1 ; we thus find, on using the
formula (97)

{r 4+ V¥ =1 cos (¢ — ¢ — )}~
= (— l)n-H 1 mw —u (p=—tf—ru
T I (m) H(m—n—l)l’[(m—f—n)Q" (w)emm@mimm, L (101),

where m has the values n 4+ 1, n + 2, n 4 3, . ..
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510 DR. E. W. HOBSON ON A TYPE OF SPHERICAL HARMONICS

Generalization of DIRICHLET'S and MEHLER'S Expressions for P, (cos 0) as o
Definute Integral.

46. It has been shown in Art. 33, that provided the real part of m -4 % is positive,

- 1 e~ (m—%) —im * N Wy
P (W) = e i gy =g 0 — U [h (1 — 2uh + 12y~ dh,

let = cos & 4 0., the line joining the points z, —l— on the h-plane is perpendicular

P4

pd)
V

to the real axis, and the path of integration may be taken to be a circular arc with
centre at the origin ; let 2 = e, then remembering that the phase of 1 — 2uh + 2*
increases from 27 — 0, at the lower limit to 27 4 6, at the upper one, we have

4
V4

(1 — 2uh + BPy=t = efrinmie =D (9 cog p — 2 cos O)"H,
hence

Pu—m (COS 9) — e-%'mm Pn_m (OOS 6) + 0. L)

o 1 e—ur(m—-%
J— e—%mm i e—%mm Sin—-m 0 ()’217 (m—=H

P I (=) I (m—1])”

]
j et e (2 cos p — 2 cos 0)"F . et de,
-0

or

- — 2 o ? cos <% + %) (Jb
PO = e —p Y go G eos g — 2 os s 4P - (102):

From Art. 11 we find

P, (cos 0) = %H {cos mar . P, (cos ) — ~72? sin mar . Q,” (cos 6)}:
hence
(o= m) e
T+ ) {cos ma . P,” (cos 0) —sin . Q. (cos 0)}

. 2 S 0 cos(n + 4) ¢
T2 (— H T (m—}) sin~"d. .[0 (2 cos p — 2 cos O)F d¢ . (103).
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A particular case of (102), or (103) is MEHLER'S form of one of DIRICHLETS
expressions for P, (cos ),
o cos(n+ L)
02(cosp — 2cos )’

P, (cos ) = % f

The formula (103) holds for all values of n and m, real or complex, provided the
real part of m -+ 4 is positive. When m is a real integer, we have for unrestricted
values of n,

II (n — m) 2 sin~"0 f 0 cos (n + &) ¢

(=1) II (n + m) P (cos 0) = 0 (2cos p — 2cos )t

= S T =T d¢ . (104).

47. Next let us suppose the real parts of n — m + 1, and of m + 4 to be positive ;
the path of the integral

f W (1 — 2uh + B2yt dh
1)z

(NN
é

can be taken as in the figure to consist of two circular arcs of unit radius, two
straight portions along the real axis, and a circle of indefinitely small radius
round the point % = 0; under the above conditions as to m and n, the circle con-
tributes nothing to the value of the integral.

In the integral taken along the arc joining the points —i— and — 1, the phase

of 1 — 2uh 4 h? is 3w — ¢, where h = e™; in the integral, from — 1 to z, it is
7 + ¢, where b = e ; the two integrals together make up

[ ot r—ti (— gm8) — st (19)] (2 005 0 — 2 cos ) 0,
]

or
! :zb cos [(n + 3) b — (m + §) 7] (2 cos O — 2 cos $)—* dep.
In the integrals from 2 =1 to 2 =0, the phase of 1 — 2uh + h? is 27 ; let

h = e~"¢™*, for the lower path, and % = e"e™?, for the upper path ; these portions of
the integral give us
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512 DR. E. W. HOBSON ON A TYPE OF SPHERICAL HARMONICS

0
— [ {e- (n-m+l)urr. e~ (7l+%)7}‘ e‘ZﬂL (m=%) — G(u—m-}-l)m. e-—(n+%)v‘ 62m(m—-v})} (2 COSh v + 2 cos a)m—% d?),
0 .

or
P — 4+

— p(m=3)2m M — ”
e 2usin (n = m)w L Goosho 7 Toos B)n dv

we thus obtain the formula
I (n —m)
II (n + m)

___2sinme " cos[(n + ) $ = (m + )]
T 2T (=) T (m— %) {‘( (2 cos @ — 2 cos )i~ dé

P, (cos 0) = {cos mm . P, (cos ) — ?7; sin mar . Q,” (cos 6)}

© —(n+E)e
1 12
+cos(n—+4—m)w L T T oo 6)%—""} . (105),

which holds provided the real parts of m + 3, n — m -+ 1 are positive. If n— m is
a positive real integer this becomes

II (n — m)

2 m
T (n+m) {cos mm . P, (cos 0) ——~s1n mar . Q" (cos 0)}

. 2 sin=" 6 cos[(n+ ) d — (m + ) 7]
Tl (=) I (m— }) j (2 cos 0 — 2cos )i~ dg . . (106).

When m and n are both positive integers, and n 2 m, we obtain

H(n—w)Pm 2 sin—" 0 J’" sin (n + %) ¢ dé . (107)

Ty 27 (€08 0) = S T T = 1) ), (oo 0 — Zoos )i

which becomes, when m = 0,

P(coso)——j" Si“(“-")"’)% dé . . . . . (108),

(2 cos 0 — 2 cos ¢

which is the second expression given by MeHLER for P, (cos 0). The formule (105),
(106), (107) are therefore generalizations of the known formule of MEmLER and
DiricHLET.

48. Next suppose the condition that the real part of n — m 4 1 is positive does
not necessarily hold, but that the real part of n + m is negative, and that of m -+ 4
is positive; we may replace part of the path of integration in the last Art. by
straight paths from — 1 to — o along the real axis, and a circle of infinite radius.

From -1; to — 1, the phase of 1 — 2uh 4 h*is w — ¢, where ¢ is initially equal to 6 ;
from — 1 to 2, the phase of 1 — 2uh + 7* is 37 + ¢, where ¢ is equal to 0 at the
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z
oo ~/
o
/
z

point z.  The part of the integral for P,™ (cos 0) which consists of integrations along
the two finite circular axes is

1 o~ (m—1}) B 'r' ~(n—=m) 1+ (m=3) (r—¢): —
S e T T R A (= ™)
— xR el (109)} (2 cos § — 2 cos d)* dd
or |
1
STL (= &) I (m )sm 0[2008{(7’}’1—'— 5w+ (n+3) bt (2 cos 0 — 2 cos gyt dé.

The part of the integral which is taken along the.circle of infinite radius is zero,
and the part taken along the real axis is -

1 e—ur (m—3) ®

TM(— )T (m—} e‘mm sin~" @ L{e—m(n_mﬂ)ﬂnﬁ)v
—_— ewr(n—m+1)+('m+%)v+(r,n..%)4m} (2 cos 0 + 2 cosh ,U)m_% dv
or
1

ST (= 3 1T (1 — )s1n"m0§ 2¢"*D” cos (n 4 4 + m) 7 (2 cos 6 + 2 cosh v)"* dv,

we thus obtain the formula

II (n — m)

Pn-m (COS 9) = I (n n /m)

{cos mar . P, (cos 0) — 72{ sin ma . Q,” (cos 0)}

1 2
= I (=) (m—3) Smm(;H cos (n+%d4m-4m) (2 cos § —2 cos )"~ d

+ j:e"’“"“‘)” cos (n+ 4 4+ m) 7. (2 cos 0 4 2 coshv) clv} (109)

which holds, provided the real part of n+4-m is negative, and that of m-1 is positive.
When the real part of # is between 0 and — 1, and the real part of m is between
MDOCCXCVI—A. 38U
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514 DR. E. W. HOBSON ON A TYPE OF SPHERICAL HARMONICS

1 and — 1, both the formule (109) and (105) hold, In the special case m =0, we find
by adding the two expressions in (105) and (109),

o0

cosh (n 4+ ) v
0 (2 cos @ + 2 cosh v)?

P, (cos 6) ==—72:cos (n —I—%)n‘[ (110)

when the real part of n is between 0 and — 1.

A definite integral form for P,(n), when the real part of n s between 0 and — 1.

49. Taking the formula

1 T(m—4 fwtm

(z+’l/z_)
e 2 1)
P (n) = D 2 TI(— & (n 1) [ (1 — 2uh + 2yt dh,
(=% I

we see that, provided m is half a real integer, and also 4 — m is positive, the path
may be replaced by one which consists of a single curve enclosing both the points
1

S

In the first figure the initial phases at A are 27 — B, for 1 — hz, and — (27 — @)
h . ’
for 1 — —]zi In the second figure the phase of 1 — — is zero at C, and that of

1 — hzis 27 at D. The formula becomes

c() = g LD g [
P (p) = 577&2 (- %) (W —1) (1 — 2uh + k2 dh.

Now suppose the real part of n — m is negative, and that of n 4 m 4 1 is positive ;
we may replace the path by one round a circle of infinite radius, straight paths along
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3

R A4

the real axis, and a circle round the point O ; the circular paths contribute nothing
to the value of the integral, and we have

g ! “n 11 (77?/ m 4+ 1) = Sumr(in
Pnﬂ (,L)— -2—77-_—;2 .—H( J_) ( 9 __ 1)’5 [ {6( + o4 1) —2um(m+})
— e—(n+m+1)ur+2ur m+s)}e(n+ )u(z COSh u + 2,L)_7n_% du
2m+1 I _ » ) 1
_— - H(?ZL >) sin (n - ’I’n)‘?T . j cosh (n-}-é—)u . (2 cosh u -+ 2#)—m—5 CZ’(&,
- 0

this holds for all values of w of which the real part is positive, provided m is half an
‘integer, and is less than 4, also provided the real part of n — m is negative and of
n -+ m 4 1 is positive; the only value of m which satisfies these conditions is
m = 0 ; we thus obtain the formula

cosh (n + §) w

2 | |
Pn (F‘) = ? Cos (7l+%) j @ cogﬁm_* dw. . . . (111),

which holds, provided the real part of n is between 0 and — 1, and that of u is
positive.

Definate Integral Expressions for P, (u), when p is real and greater than unity.

50. In the formuld

1 z .
~m — s p=w =) (0 —3m =M Y 2\m—%
P, () = STl (= P — ) © (p*—1) J’I/zh (L — 2uh + ¥t dh

where the real part of m —|— 18 pos1t1ve, when p is real and greater than unity, put
p = cosh iy, then z = ¢, % = ¢7%, thus putting s = ¢*, we obtain the formula

3 U2
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516 DR. E W. HOBSON ON A TYPE OF SPHERICAL HARMONICS
P, (cosh )

_ 1
2L (= YT (m — })

sinh™ 4 }':2 cosh (n + 1) ¢ (2 cosh p — 2 cosh ¢p)" ™ d¢p . (112)

where the real part of m + % is positive, and in particular

v cosh (n + £) ¢ d
0 A/ 2cosh — 2 cosh ¢ ¢

P, (cosh ) = - [ (113).

ol o

3
4] Z-{ P4

The path joining the points z, 1/z can be placed as in the figure, along the real axis
from 1/zto — o, except for a small semicircle round the point 0, then a semicircle
of infinite radius, and lastly a straight path along the real axis from 4+ o« to 2 If
the real part of m lies between 4 and — 4, and if the real part of w —m 41 is
positive, and if n + m is negative, the straight portions of the path are the only ones
which contribute anything to the value of the integral; in this way we find that
under the conditions just specified.

. imh—» ®© . I ) .
P,(coshyp) = ;= (S_l_n;) II\([;n-— D { j T 2usinh (4% ¢ — vmar) (2 cosh ¢ — 2coshs) =2 dep

+ ro e(n+%)¢ + () ur (2 COSh 4) _l_ 2 COSh ‘Ib)m"% dd)}'

0

In a similar manner, we can prove, by taking the semicircles below the real axis
that under the same conditions, P, (cosh ) is given by the formula

. 1__m r [e2} ' e -l
P, (coshy) = gy (‘j‘f‘%;n (‘;_%) i j  2uesinh (14§ b+ i) (2 cosh ¢ — 2 cosh )"t dép

-+ r @D =0 (9 cosh ¢ -+ 2 cosh ) dd)}.
0
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Multiply the two formule by =@, ¢ b and subtract them, we then have the
formula

A A

Sinh ™" .
91 (— ) I (m — ) cosee (n+ &) L "V sinh (n 4+ 1 + unmr)

P (coshy) =

+ e~ sinh (n 4 §¢ — vmmr)} (2 cosh ¢ — 2 cosh )"t dgp (114),

SOCIETY

where the real part of n isbetween 0 and —1 ; and the real part of m is between + 3.
If m = 0, we have

Pu (COSh 1}1) ] %Cot (ﬂ + %) ﬂ_"m sinh (71, + %) ¢ .

vV 2 cosh ¢ — 2 cosh (115)

OF

Definite Integral Formule for Q. (cos 0), under Special Conditions.

51. When the real parts of n + m 4 1, § — m are positive, we have

cosmgr  Mm hutm

. 1/z
e? ,sin” GJ

m e T O . —l
Q. (cos0+0.v)=¢". 2"I1(m—%)II(—13) 0(1—2/;,h+h2)”’“+%d

b, (43),

™

A

take the path of integration to be from 0 to 1, along the real axis, then from 1 to %

along an arc of a circle of unit radius with its centre at the origin ; along the straight
path, 1 — 2uh 4 A? has the phase zero, and along the circular arc it has the same
phase as A, hence, writing in the first part of the integral # = ¢™* and in the second
part A = e,

SOCIETY

" (cos @ 4+ 0.4)

cos mmw . ® e~tntiu
— eTmm o9m I (m — L — . s1n™ 0 -{ : 1 d’b&
( ) (—3%) 0 (2 coshu — 2 cos f)n++

OF

j-e = (n+3)
o(2cos ¢ — 2 cos O)m*i ¢}
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518 DR. E. W. HOBSON ON A TYPE OF SPHERICAL HARMONICS

Next take the path to be from 0 to — o along the real axis, along a semicircle of

infinite radius to 4 o, from 4 o« along the real axis to 1, and from 1 along a
circular arc whose centre is the origin to the point % If the real part of n — m is

negative, the part of the integral taken along the infinite semicircle is zero; we have

Y

then, writing A = e¢™.¢" in the first integral, ~ = ¢, in the second integral, and
I = ¢, in the third integral,

Q" (cos 6 + 0.4)

5 ’ » -+ u
Cos mar . ¢
— e%mm L9 T (m — N1 (— 1 — §1n” 9 {j\ e—(n+m+1)ur ; du
( 2) (=) T o (2 cosh u + 2 cos )" **

® 1 SntHu 6 ot
— y 1 du — 5 : ‘ dgb.
o €TVE (2 coshw — 2 cos B)" T 0 ¢V (2 cos b — 2 cos §)TE

If the real part of m lies between 4 4, and if the real parts of n 4+ m 4 1, m — n
are positive, both the formulee we have found for Q,”(cos @ + 0.1) hold. Multiply
the first expression by e, and the second by ¢"™, and then add ; we find

2 cos mar. Q,” (cos 6 4 0. 1)

cos mr { j *  2cosh(n + H)u

—_— phmm n — 1 —_ly === U' m -
= ¢, 27 I (m — 5 (— %) ——-sin 0 0(200shu—200s€)””2du

2cosh(n + L u d } (116).?

—(n=m+1)ur
T .[0 (2 cosh u + 2 cos §)"**

which holds, provided the real part of m lies between 4 %, and those of n + m -+ 1,
m — n are positive.
If m = 0, we have

feed

_ cosh (n + %) u e r cosh (n + })u
Qu(cos 0 +0.0)= L (2 cosh % — 2 cosh 6)* du+ e o (2coshu + 2 cos )} du  (117),

which holds provided the real part of # is between 0 and — 1.
It is to be remembered that Q,(cos @ 4+ 0 . v) = Q, (cos 0) — %r— P, (cos 0).
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Formula for Q,” (cosh ¢) under special conditions.

52. When p is real and greater than unity, let u = cosh 1, we then have, provided
the real parts of n 4+ m + 1, 3 — m are positive,

cOS Mar Il/z Rt

Q" (cosh ) = ™. 2% T0 (m — 3) T (= ) = == sinhyp | - orp oy dh

Let h = e™", we have then, taking the path along the real axis,

o« e——(n+§)u

m
nh” f » (2 cosh 1 — 2 cosh )+t

cosmm .

Q" (coshp) = e . 2% TH(m—4) TL(—3)

du, (118).

If we take the path to be from 0 to — o along the real axis, along an infinite

.. . 1 . q.
semicircle from — o to - oo, along a straight path from o to 5 avoiding the

- ) . z

oo\ % é < v g lm

A

point z by describing a small semicircle ; the integrals along the semicircles vanish
provided the real part of n — m is negative, we then have

. ’ ® —(n+m+1)ur (n+iu
Qnm(COShll‘)"———emm-zm-n(M—%)H(——) COS'm'n'S hmlp{[ 4 N

)% (2coshyr+ 2 cosh u)™*+? du

J’w (n+%) [ i —(n+ Pu d
- du — j u }
v e®" V™ (2 cosh 1 —2 cosh )™ ¢ (2 cogh 4 —2 cosh )™+

In a similar manner, by taking the semicircles above the real axis, we can show
that

armED e g
" h emm 9mT] —i) I (—1 CO‘SﬂE h” {
Q. (cosh ) = (m—%) I (—3%) sinh™y .’ ~ (2 coshr+ 2 cosh %)W'%

r @+ u v —thu d
— s du — !’ u}
w e~ ® DT (2 cosh w—2 cosh 4)™ 0~ (2 cosh p— 2 cosh w)™

Multiplying the first expression by e¢™*"*D and the second by e-@+m+bwm and
subtracting, we then have
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520 DR. E. W. HOBSON ON A TYPE OF SPHERICAL HARMONICS

Q. (cosh ¢) sin (n + m) «
=™, 2" Tl (m—3)T1(—1)

® 6(7”%) 2%

w (2 cosh . — 2 cosh +Jr)mt4

cos mmr

sinh™y {sin (n—m)m I du

m

R 1 J‘W e-—(n+{;)u d
s (n +3)m o (2 cosh r —2 cosh u)n+t u} ?

where the real part of m is less than }, and the real parts of n 4+ m 41, m — n
are positive.
Put m = 0, we have then

®© entdu P o~ (ntdu

Q. (cosh y) = L (2 cosh u — 2 cosh 4)* du — cot nm jo (2 cosh y» — 2 cosh )} du, (119)

where the real part of » lies between 0 and — 1.

Expressions _for Q" (cosh ¢), when n — % 15 a real integer.

53. When n — 3 is a real integer, the formula

o II (m — l) TI (— %—) N (12, 0, 1/z=, 0—) Jntm
" —_ (m=n)me  Om 2 2 Im )
Q/z (f‘l’) = e L2 4qr sin (’)Z + m) or (lu’ 1) J( (]_ —_ 2,u,h + h2)m+% dh
may be replaced by
II ('m — 71‘) I1 ( — L) N §(1/2+‘ 0+) Jtm
2mme Om 2 2 2 tm
e 2m. 9 (W —1) (0 = 2 u f Wyt dh,

the path may, as in the figure, consist of a circle of infinite radius, straight paths
along the real axis from o« to z, and a small circle round the point z.

If the real parts of m—mn, $—m are positive, the only effective parts of the integral
are those along the real axis. The phase of 1 — 2uh + A% at A is 7; we thus find,

Q," (cosh )

®© g(n‘l'%)u
= o, om,

U =HT(=3) & 10 5
2w sinh” { (2 cosh u — 2 cosh A+t
@ eln=m)2m o+ u d
- L, (2 cosh v — 2 cosh 4)+? u} ’

du

22T (m — HI(—4%) . ® et
\ z) ( .3) S]nhm lﬁl‘{
2mr v (2 cosh w — 2 cosh )™+t

du,

= ™M™ Qusin (m — n)w.
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or
Q. (cosh )
_cosmm2n I (m —H) M (—4%) . . r e
= - sinh” ¥ o @ ooshi s = Zoosh )l duw . . . . (120),

where 7 — 4 is a real integer, and the real parts of m — n, & — m are positive.
If m = 0, we have
6(n+l)u

(2 cosh # — 2 cosh \b)*

Q. (cosh ) = [ (121),

where n — 1 is a negative real integer.

For all values of m and 7 such that n — } is a real integer, the path may be
taken to be a circle of radius unity with the origin as centre; we obtain on
putting / = e, since h* — 2uh + 1 = he'™ (2 cosh ¢ — 2 cos ),

. IIim -3 I(=1) J‘ em=hw o9
m — plmm " 2 "
Q" (w) = erm. gm. === sinhy | e cosh ¥ — 2 o5 gyt 0P
or
e 2P (m— T (=) cos (n + %) b
" —_— o (m—1) ur i
Q. (p) = e - “sinh ¢f (2 oosh 4 — 2 cos Gy dé (122).

Recurrent Relations for Successive Values of n, m i P, (n), Q" ().

potm
(1 — 2uh + IRy
along any closed path, that is, one in which after completion the integrand returns to
its initial value.

54. Denote the integral [ dh, by U (n, m), the integra! being taken

We find
dU (»n, m) Jyptintl
d,u - (2 + l)j‘ —_— 2#}0 + h2)7n+% dh = (27n + 1) U (n’ m + 1) >
also
il . pw—nh _ 2m w—1 )
i (= 20k + 9 = (1 = 2ah + oy T (20 1) g 2ul + 1Pym+
Hence
9 au (n,m) ‘( w1 { —2m w—"n }
(M 1) d{,l, =|h (1 —_ ‘)Iuh + h?)m+i¢ + dh (1 — 2,([]6 + k?)mhl dh

= 2mU(n+1,m)— f (1= 2ul Jf e (0 m o 1) e dh

= — 2mU(77 + 1,m) —(n+m-+ 1) {pU (n,m) — U(n+ 1,m)},
MDCCCXCVI,—A. 3 X
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522 DR. E. W. HOBSON ON A TYPE OF SPHERICAL HARMONICS

or,

(pz—l)é%@z(n—m—l-l)(]’(n—l-1,m)——-(n+m—|— 1) uU (n, m).

Referring to the formule (40), (50) for Q,* (n), P (1), we see that by choosing
specified closed paths for the integration in U (n, m), each of the functions is of the
form C,, (u* — 1)"U (n, m) ; we thus obtain the formulze

dan
(w—1r7$@=0wwn+nPwmww4n+nnmwm)
Lo(123).

(0 = D = (= 1) Qi (1) = (+ 1) Q)|

Next let V (n,m) = U (—n — 1, m), we have then by changing n into —»n — 1
in the relation which has been found above for U,

(W= 1)——=—(n4+m)V(n—~1,m)+npV (n,m);

av (n,m) m)
du

special cases of this relation are

ZP”m .
(2 = ) — B (1) = (1 ) Bui ()
(124),

e

aQ,”
(12 = 1) =y Q) = (04 ) Qoo (1)

from (123), (124), we have at once

@n+UMWm%%n—M+UPMWWP%W+MPHNM=O} (125)
(20 4 1) pQ. (1) — (= m + 1) Quyr” (p) — (4 m) Qo (W) =0 | ’

these recurrent relations between the functions for different values of n hold for

general complex values of m and n.
55. It has been remarked in Art. 1, that W, which is equivalent to U (n, m), satisfies

the differential equation

(1 _Mz)dm;;z;m)_ 2(m + 1) p dU(n m)+(%—m)(n+m+ 1)U (n, m) = 0,
now

dUg;,m).: (2m+ 1) U (n, m 4 1), fl_%(n—z@ (2m + 1)(2m-1-3)U(n m+2)
thus

(1 —p¥)(@2m+1)(2m 4 3) U T (n,m 4+ 2) — 2 (m + 1) (2m~+ 1) p. U (n,m + 1)
+(n—m)(n+m-+1)U(n,m)=0;
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referring to the formula (40), (50), we see that, as special cases of this result,

P2 (u) + 2 (m + 1) (ZQ{T)E P (w) — (n —m)(n 4+ m+ 1) P (p) = 01} -

Q** (w) +2(m + 1) (/;'e‘ﬁ_'_*gs Q*t () = (n —m) (n + m+ 1) Q" (u) =0 ]

the formulse (125), (126), are well known for the case in which m and n are real
integers.

If w = cos 0, then introducing the modification of Art. 17 into the symbols P,”, Q,”,
we have

P,"**(cosf) — .‘Z(M +1)cot8. P, (cosb) + (n — m)(n + m + 1)P,” (cos§)=0 (127)
Q.+ (cos ) — 2(m+1)cot0.Q," (cos )+ (n — m) (n 4+ m + 1)Q,” (cos§) =0 '

Torovdal Functions.

56. If A, B are points at the extremities of a diameter of a fixed circle, and the
coordinates of any point P in a plane through AB perpendicular to the plane of the

circle, are denoted by o, 0, ¢, where o = log %IP;’ 0= £ APB, and ¢ is the angle

the plane APB makes with a fixed plane through the axis 0z which bisects AB and
is perpendicular to the plane of the circle, it is known*

T

4 4 B

that the normal functions requisite for the solution of potential problems connected
with the anchor ring are

' coS , CO8
P,_," (cosh o) i nf .

mep,

Q.—y" (cosh o) 00 °" me.

sin sin

sin

* See C. Neumann’s ‘ Theorie der Elektricitiits- und Wirme-Vertheilung in einem Ringe,” Halle, 1864.
W. M. Hicks, “ Toroidal Functions,” ¢ Phil. Trans., 1879. A. B. Basser, “ On Toroidal Functions,”
‘ American Journal of Mathematics,” vol. 15.  'W. D. Nivey, “ On the Ring Functions,” ¢ Proc. Lond.
Math. Soc.,” vol. 24.

3 X 2
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The functions P,_,” (cosh o), Q._;” (cosh o), where m and n are positive integers, are
consequently called toroidal functions. Various expressions for these functions may
be found, as particular cases of the various definite integral expressions which have
been given above for P,” (n), Q" (p).

We find from (113)

2 (o cosh n¢
P, (cosh o) = o _{0 v/(2 cosh o — 2 cosh ¢)

Also from (81), (82),

P, (cosh o) = L = ) (ﬂ (cosh o + sinh o cos ¢)*~* cos me de,
o

T IIn—13)
(— 1)’”. II(n—1%) r COS M 4)

7w I (n—m—1%)Jg(cosh o + sinh o cos )~

From (68), (69)

P,_,"(cosh o)

— II (7’?; + m = %‘) 1 o i j n=lit=3 2

= MW —m = }) 2T (= DI (m— 1) sinh"o| (cosh o+ sinh o cos ¢) sin®" dp,
_ I+ m—1) 1 C T j G sin®* ¢

THM(n—m—3) 24001 ( — ) I (m — }) sinh" o | e b cos gy 0P

Again from (92), we find

) I(n+m—=1% )J’mgcom

Qn—*%m (COSh 0') = (_ I (n— %

(cosh o — sinh o cosh w)*~* cosh mw dw,
0

and from (122),

200 (m — $) I (—

i

cOs 7L
2 cosh o — 2 cos )™+ dg.

Q" (cosh o) = (— 1)™ ) sinh o r(

In the case in which the real part of n — m + } is positive, we find from (90)
and (91),

Q.—;" (cosh o)
T(n4+m—~5) I (=1

=(—1)"2" 1) =1 sinh” f * c<>ﬂl~(cosh o —sinho coshw)" " *sinh*"w dw,
_ 1y I (n— %) j‘ ® cosh maw
(—=1) II(n —m — }) Jo (cosh o + sinh o cosh w)"++

57. From (125), (126), we find, on writing » — § for n, the relations
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2n cosh 0. P,_,"(cosh o) — (n — m + %) P,,;"*(cosh o) — (n 4+ m — L) P,_y"(cosh o) = 0,
with a similar relation for the Q functions, and

P,_*?(cosh o) + 2 (m + 1) coth o . P,_;*** (cosh o)
| —(n—m—=3%) (n+m-4+ %) P, (cosh o) = 0,

with a similar relation for the Q functions. Formulae similar to these have been
employed by Hioks to calculate the functions successively.

58. It is important to have series for P,_,” (cosh o), Q,_;” (cosh o) in powers of
e~7, 80 that the values of the functions may be caleulated approximately for consider-
able values of o.  The required series for Q,_;” (cosh o) is given at once by (35); we
thus have

Q. (cosh o)
O+ m—$HI(—})

. II (n) sinh” g, ¢~ | (m + g?) n -+ m+ %7 n—+ 1, e_z,,)’

— (__ l)m om

and in particular

II(n—1 -1
Qn—% (cosh 0_) — (n HZ)(;)[( 5) 6—(71+%)0‘F(%’ w4 Lon 41, 6—20').

This is the expansion in powers of =7, of the elliptic integral to which

f ® dw
o v/ (cosh ¢ + sinh o cosh w)

is reduced by means of the substitution cosh o + sinh o cosh w = cosec? 8. ¢°.
The corresponding series for P,_;” (cosh o) must be obtained from (36), which
requires, however, in this case modification. We observe that in the formula

P, (cosh o)

= sin (n + 7n) K . 11 (” + 771)
- cOos nr IM(n+3)IM(—1)

. T(n—1}
T —mi(— D)

sinh”o e~ | (-1 n4-m-4- 1, n+43, ™)

sinh”a . e F (m + %, m — n, § — n, ¢7%)

when n—% is a positive integer p,; the second series has after a finite number of

terms, infinite coeflicients, moreover the coefficient sec nar of the first series is infinite.
The expression for P,”(cosh o), gives us, therefore, first a finite series
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' 1 () . 1 (& +m) (po+ % — m)
m g, (Po+E—m)a 2 ¢
e ek L LR 1.7,
+ G +m)G+m) (o —m+3) (=M= %) 4 +
1.2 7 po = 1 -
+ G+m)y...G+m+p,—1)(pp—m+4)...(—m+ %).6“21’“" }’
1.2.0.00.P0po—1) ... 1

which we shall denote by S, ; and second the undetermined form

sin (p4§+m)m W (p+i+m)
cos(p+L)m II(p+1) I (—%)
11 (p) (3+m) ... G4m+p) (p=m+) ... (p—n+i—p)

n

sinh”g . e~ 0o | (m+L, p+E2+4m, p+2, ™)

+4-2m ; ; smh’”
' I(p+4t—m) 11 (—3%) 1-3--~(29o+1)-29(2’“1)--~(P"‘Po)
e F+mtp,+1.p—m+L—p,—
AP+ —n—2py—2)o 1 2 0 0 _2(,
¢ { + Do+ 2. p—p,—1 +- }
where in the limit, p = p;.
The numerical coefficient of the second series is equal to
II (p) O(po+m+4) H(p—m+}) H(p—p,—1) 1

O(p+4—m) (=% IMm—14%) "H(p—p —m—3) I (p) O(py+1)

which is equal to

2m O(py+m+3%) M(p,—p+m—1%) sin(py,—p+m+ L=
M (po+ 1) M —HI(=$)° I (po—p) Cosin(py—p+ D

Now the limiting value of the ratio

sin(p 4§ +m)w [sin(p,—p+m+Hm

cos(p+Hm [ sin(@p—p+ D7

when p = p,, is easily seen to be — 1, thus the coeflicients of the two series are equal
and opposite infinities.

Evaluating the indeterminate form according to the known rule, we obtain first an
expression, which we shall denote by S, ; this is

II (py + m + §)
D{—=HIm—HI(p, + 1)

d [H(py—p+m—14) . 1 —(m+2) o+ (p—2p) @
Lp:poc—ii)-[_ H(Zoo_'p) sm(po—p—l—m—l—g)ﬂ'.e e

+mA P —py—m =% H
1 b R S O
{ - Do+ 2.p—p—1 +

P =Py
“Posin (p — po)

S, = 2" sinh”o . L,
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we also obtain the expression

— Om f 0 et m'il__ H(p0+%+m) -
Sy= = 2n(= Drsilvo G B sin ()

e F i 4y o+ § oy + 2,67) ),
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